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Abstract 


The area distribution of surface wind strengths between 30° S and 30° N is expressed as a 
function of the median velocity, on the basis of climatological data. This is used to obtain 
estimates of evaporation and energy dissipation over the same area. 

The main energy supply of the trade circulation is due to condensation in the equatorial 
trough. It depends partly on evaporation into the trade winds at some earlier time. A study 
of the energy balance shows that this may lead to oscillations with a period of about 3 weeks; 
corresponding to the mode of the time which elapses between the evaporation and the pre- 
cipitation of the same vapour molecules. 

Disturbances or fluctuations in the direct meridional circulation of the sub-tropics may be 
initiated by changes in the infra-red cooling rate and by changes in the height of the tropo- 
pause. It is suggested tentatively that this could be caused by changes in the ozone distribution 
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above the tropical tropopause. 


1. Introduction 


The trade winds are associated with a direct 
meridional circulation which produces kinetic 
energy. Heat is supplied to this circulation 
mainly by the condensation of water vapour 
in the equatorial trough. From figures tabulated 
by Jacogs (1951) it can be inferred that 
between 0° and 30° latitude in the North 
Atlantic and the North Pacific the heat sup- 
plied on the average to the atmosphere by 
condensation is twenty times as large as the 
sensible heat supplied directly by conduction 
from the sea surface. About 60% of this heat 
is released by precipitation in the belt between 
0° and 10°N, though in fact the main release 
occurs in an even narrower belt which shifts 
with the season. 

Rainfall in the tropics accounts for more 
than nine-tenths of the water which is evap- 
orated from the tropical land and sea surfaces. 
Less than one-tenth is exported to extra- 


Tellus XI (1959), 2 


tropical latitudes. The evaporation from the 
oceans is roughly proportional to the wind 
velocity. If the mean surface wind velocity 
increases for some reason—a higher rate of 
evaporation results—this causes an increased 
moisture transport by the trades towards the 
equatorial trough—the resultant higher rate at 
which latent heat is liberated there, increases 
the energy of the trade wind circulation— 
this increases evaporation still further—and so 
on. The process would tend to amplify initially 
small disturbances. The amplification would 
proceed in time steps which must be of the 
same order as the time lag between evapora- 
tion and precipitation of the same molecules. 
Below it will be shown that this may lead to 
oscillations with a period of about 21—28 days. 
It will also be shown that stability cannot be 
maintained under these circumstances by 
frictional dissipation or by changes in the 
energy flux across the lateral boundaries. The 
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trade wind circulation can only remain stable 
between its comparatively narrow observed 
limits if any increase in the heat supply is 
largely balanced by a corresponding increase 
in the radiational cooling rate. Small changes 
in the mean cooling rate will cause a change in 
the mean thermodynamic efficiency of the 
circulation and this may have a considerable 
effect upon the climatic regime. 

For simplicity sake we shall deal in the first 
instance with a hypothetical earth without 
land surfaces between 30° north and south. 
The effect of tropical land masses will be con- 
sidered at least qualitatively in a later chapter. 

Most of the symbols used below, as well as 
the dimension of quantities which they repre- 
sent are listed in the following table: 


List of Symbols 


A Mechanical equivalent of heat (g cm? 
Seca Cale) 

Cp Specific heat at constant pressure (g-! 
Cole) 

Cs Specific heat at constant volume (9-1 
Cal KS?) 

@ generalised stress factor (g cm?) 

e vapour pressure (g cm! sec?) 

E evaporation (g cm? sec-1) 

d oss of kinetic energy by turbulence 


friction per unit horizontal area (g 


Sécu) 

h latent heat production per unit area 
(exg.cmiz? sec>1) 

K generalised evaporation factor (cm? 
sec?) 

le components of horizontal poleward 
directed unit vector 

L latent heat of vaporization (cal g-1) 

p air pressure (g Cie secz?) 

P rainfall intensity (g cm”? sec-1) 

q specific humidity 

dQ°/dt heat change due to condensation (g-1 
Gall sec) 

dQ® /dt heat change due to radiation (g-1 cal 
secs’) 

S global surface between 30°S and 
30° N 

ds element of sea surface 

le temperature (degree K) 

u surface wind speed 

ur critical surface wind speed 

ü median surface wind speed 

v wind speed 
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ve Va Vo Vz Wind coniponents 

ao co-ordinates in a Cartesian system 

2 height above mean sea surface 

ß Bowen’s ratio of sensible to latent heat 
production 

resistance coefficient 


j 7 

Dip components of Reynold’s stress (g 
ete sec’) 

Ee surface stress (g cm! sec”?) 

6 lag time between evaporation and 
precipitation 

13 evaporation coefficient 

À longitude 

0 specific density (g cm?) 

do element of lateral boundary area 

dt element of volume 

@ latitude 


2. The area distribution of surface wind 
strength over the tropical oceans 


As a preliminary to the following study, it 
was necessary to evaluate the area distribution 
of surface velocities and to see whether the 
changes of distribution with time followed an 
assessable pattern. Fortunately, frequency dis- 
tributions of surface wind strength, at sampling 
points given by a 10° grid of meridians and 
parallel circles over the southern hemisphere 
oceans, had already been compiled from the 
Climatic Atlas of the Oceans by P. Squires 
(unpublished) for a different purpose. These 
were used to compute the fractional frequency 
of velocities smaller than # at the various 
sampling points. The velocity u is supposed to 
represent conditions at a level z= 600 cm over 
the sea surface. 

The fractional frequency f(u, m) at the m’th 
sampling point equals zero for u = 0, and 
approaches unity as # approaches its maximum. 
If there are M representatively spaced sampling 
points in a sufficiently large area S, the part 
s(u) of this area which is covered on the 
average by velocities smaller than # will be 
given by: 


sw) ı M 
a Er D u, m) 

m=I 
In figure 1, the ratio on the left hand side 
was plotted separately for different ocean areas 
S against the ratio u/ü where ü denotes the 
median velocity which is just exceeded over 
half of the area. There are no points for small 
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values ot u/f because winds of less than 
Beaufort strength 4 had been sampled together. 

The general shape of the plot in figure 1 is 
determined by the value of s(u)/S being 
necessarily zero for u = 0, equal to 0.5 for 
u = i, and equal to unity for large values of u. 
All the same, the alignment of all the points, 
representing quite different seasons and oceans, 
along a single well-defined line is rather 
remarkable. It suggests a physical relationship, 
between the generation of kinetic energy over 
the sea and its frictional dissipation or export 
to extra-tropical latitudes. This relation ap- 
pears to remain unchanged over a wide range 
of conditions. 

It may be significant that the only point in 
figure 1, which deviates to any marked extent 
from the general alignment, represents con- 
ditions in July for the Indian Ocean. It is due 
to a limited area with persistently high veloc- 
ities. This is associated with the Indian Sum- 
mer Monsoon, which means it derives its 
energy not only from the ocean, but probably 
also from the heating of the adjacent land 
masses. 

Squires’ frequency distribution of surface 
wind strength covered only the oceans of the 
southern hemisphere. However, isotachs of 
“resultant”? winds have been published by 


I-O xr 


2 
u/û 
Fig. 1. The ordinate gives the fraction of ocean surface 
area between 0° and 30° S covered on the average by 
velocities smaller than u. The abscissa gives the ratio of 
u to the corresponding median velicity 1. Symbols and 


values of u in m sec! for different months and seasons 
are as follows: 


S. Atlantic S. Pacific S. Indian 
JARUAE Ve cree O 4.6 A 4.8 © 4.6 
Nall sadoaee ee 40 ESS & 5.0 
1loioe de reset BM 5-4 x 5.6 @ 563 
October 2. 1e © 5.1 1260 @ 5.1 
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Fig. 2. The ordinate gives the fraction of ocean surface 

area between 0° and 30° covered by “resultant’’ winds 

smaller than ur. The abscissa gives the ratio of ur to 

the corresponding median resultant wind ü,. Symbols 

and values of u, in m sec-1 for different months and 
seasons are as follows: 


N. Hemisphere 


A 3.4 
uth ee ee nee ee 


S. Hemisphere 
Wi sate 
® 41 


RreHL (1954) for all of the tropical oceans. 
These isotachs were planimetered and then 
dealt with as above. The result is shown in 
figure 2 which is remarkably similar in shape 
to figure 1. This confirms the probable existence 
of an underlying physical relationship. Devia- 
tions from the general alignment are due again 
to July conditions in the Indian Ocean. 

For the following derivation it is necessary 
to express the velocity distribution for the 
whole sea surface between 30°N and 30°S as 
an analytical function. Points, representing the 
entire surface, infact do fall in line with the 
other points, though this could not be shown 
in figure 1 because of crowding. A functional 
expression is obtained by dividing the align- 
ment into three sections. 


u § u 
For ST =O. 5° = 
u Ss u 


F u s ue NE u\2 
On ih, = 3 = 0:2 k AZ HOG a Er 
ü 35 5 ü 5 il 


For 3<7 5a! (1.1) 


These values are shown as a fully drawn line 
in figure 1. Equations revealing the physical 
basis of the observed area/velocity distribution 
would have almost certainly a different struc- 
ture, but the necessary knowledge is not 
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available at present, and the formalistic, de- 
scriptive expressions in (1.1) are sufficient for 
the present purpose. 


3. The energy balance 


The space to be considered in the following 
equation extends from 30°S to 30°N, and 
from the surface to the top of the atmosphere. 
The effect of motion on the molecular scale 
will be neglected. Following Miccer (1951) the 
energy balance equation may then be derived 
in the form: 


Af [fe dt ff fc iO d= 
a 
Des Le a 


Conventional tensor notation, which implies 
that all terms in which a suffix occurs twice 
represent a sum of three Cartesian components, 
has been used in the last two integrals. Equa- 
tion (3.1) indicates that the supply of radiant 
heat and heat of condensation equals the 
changes in the internal energy, the potential 
energy and the kinetic energy of the mean 
(v?/,) and turbulent (v’?/,) motion, plus the 
work carried out against pressure and frictional 
forces. 

The integral of the kinetic energy changes 
is at least one order of magnitude smaller than 
any of the other terms in (3.1) and can be 
neglected. The remaining terms on the right- 
hand side can be transformed with aid of the 
equation of continuity and Gauss’ theorem 
as follows: 


[if fe Ger ge) de 
=5.f f fe (Ac, T + gz) ) dt 
+ [ f elder T+ gode - 
= f [ec Tv. à 
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ep) 4 
0Xk 


IF 
jeff 


Wild ae ar 
2 i a Cis ea Te 
(fe Tia, te I oz.) ds (3-2) 


The velocity vz, is directed upwards into the 
volume, the horizontal surface integrals have, 
therefore, a negative sign. The upward flux of 
potential energy from the surface can be con- 
sidered zero. 

Some of the terms on the right-hand side 
of (3.2) can be combined by introducing the 
concept of sensible heat or enthalpy through 
the relations: 


AowT+p=AoyuT+Ao(y -&)T=AocT 


oo oo oo 


fo Ac, rdz+ | ogede= | ode, Tdz - 


0 0 


- [ zap | (0 Ac, T + p) dz = 


oo 


= [ Age Tiz 


0 


(3-3) 


As regards the last two terms in (3.2) it may 
be observed that: 
Peak Tai tak = el Sl eee 


Furthermore, the horizontal surface integral 
covers a far greater area than the integral over 
the lateral boundary. It follows that the effect 
of the stresses across the lateral boundary is 
very much smaller than that of the stresses 
at the sea surface. 


if af (és Pate Rede à if sf uct ie 
+ Ug 1 2) ds fi Vig Fe ge) de 
- i: if ul',ds (3.4) 
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The sign of the last term is opposite to that 
of the preceding term because the direction of 
the stress at the surface is opposite to that 
of u. 

The energy balance equation (3.1) becomes 
then after re-arrangement: 


dQc dQk 
Aff fe ésa ff fe are 
+A | fo Tred 
=f [eT+s2)onkdor f furs 
à 
+45 | | [eo 7% (3.5) 


The first integral in this equation represents 
the rate at which heat of condensation is sup- 
plied to the tropical atmosphere. Its magnitude 
is about 22 : 1022 erg sec-1. 

The atmosphere is cooled by radiation and 
the second integral is, therefore, always nega- 
tive. From balance consideration, its magnitude 
is found to be about — 16 : 10°? erg sec. 

The third integral represent the rate at which 
sensible heat is conducted to the air from the 
sea surface. Its magnitude is about 1022. 

On the right-hand side, the first integral 
representing the flux of sensible heat and 
potential energy across both meridional bound- 
aries amounts to about 7 : 10°? erg sec~?. 

The decrease of kinetic energy through 
turbulent friction at the surface as given by 
the last integral will be estimated below to be 
abanit 0 210 ere<sec 1. 

The last term in equation (3.5) is always 
very small compared with any of the other 
terms. It will be zero if the circulation is 


steady. 


4. The heat supplied by condensation and 
turbulent conduction from the sea. 


The net condensation heat gain per unit 
time must be proportional to the precipitation 
intensity P. The heat gain by conduction on the 
other hand can be expressed by definition as 
the product of Bowen’s dimensionless ratio 6 
with the evaporation E. 

In mathematical terms: 


re 
Joe odes | [an Tr. de 


Tellus XI (1959), 2 


151 


-ffre@rsnanrf [ris 
+L f [za 


In the last term, temperature variations of the 
latent heat of vaporization have been dis- 
regarded. It is also assumed that a mean value 


B = 0.05 can be assigned to Bowen’s ratio. 
From continuity considerations for the specif- 
ic humidity, q, it follows that 


[fio ff Pe 
+ [ [rés 


Using Gauss’ theorem: 


d ; 
fff? $a f fore 
+f feat f [ris f fogs keds 
( 


4.3) 


(4.1) 


(4.2) 


To evaluate the local changes in moisture 
content given by the first term of 4.2, consider 
that a finite time 6 elapses between evapora- 
tion and precipitation of the same water mole- 
cules. A change in the evaporation regime can 
therefore not affect the precipitation im- 
mediately. The resulting short-term change in 
the atmospheric moisture content may be ex- 
pressed by the difference between the evapora- 
tion at time ¢ and the evaporation at an earlier 
time t— 0. 


[ffir [fra [frs 
(4.4) 


Combination of equations (4.1) to (4.4) 
gives: 


| Wal odes [ [ec Tr.ds- 
=1(B f [eur f f Bsds- 
- f feat) 


(4.5) 
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which indicates that the instantaneous heat 
supply by condensation and turbulent conduc- 
tion depends on the instantaneous evaporation 
and on the evaporation at some earlier time 
t— 6, minus the moisture export to extra- 
tropical latitudes. 


5. Estimate of evaporation and surface friction 


The evaporation from the oceans has been 
computed by Monrcomery (1940) and 
SvERDRUP (1951) by a formula which may be 
written in the form: 


if i Eds = N, a @ koje (qw-do) uds = 


-e 
9 ds = 


en 
[J: 23 © oJE Po 
à 1h i Re Seed Ga) 


Where ky = 0.4 is the Karman constant; j the 
resistance coefficient is equal to the square root 
of the surface drag; € is the evaporation 
coefficient; qu, Jo, Cw and e, denote the specific 
humidity and the vapour pressure at the sea 
surface and in the air at a height assumed to 
be 600 cm. 

The coefficients j and e in equation (5.1) and 
hence the generalised “evaporation factor” 
K depend upon wind velocity. Munk (1947) 
considers the sea surface to be hydrodynamic- 
ally smooth at wind speed less than u* = 
= 650 cm sec~} and hydrodynamically rough 
at higher wind speeds. At the critical wind 
speed u*, a discontinuous rise is assumed to 
occur in the value of the surface drag j? from 
about 0.0009 at low wind speeds to 0.0035 
at u>u*. The value of ¢ jumps at the same 
time from 0.085 to 0.148. These were the 
values used by Jacoss (1951) to study the large 
scale aspects of energy transformation over the 
oceans. 

Evidence for a critical wind velocity for air 
sea boundary processes has also been published 
recently by MANDELBAUM (1956). However, 
the existence of a discontinuity in these pro- 
cesses is by no means generally accepted and 
the magnitude of the variation is also contro- 
versial. Deacon (in personal communication) 
considers that j? increases from about 0.0009 
at low wind speed to around 0.0025 at winds 
of 10 m/sec. or more, with probably a ten- 
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Table I. Adopted Values of Surface Variables. 


0 Po 
(g cm?) (gremssece) 
u<650 cm sec 1 T2 1Ome 1.015 x 10$ 
i € K 
(cureeisec) 
0.0009 0.085 0:75 10m2 
Qo Po 
(g cm?) (etcme sec) 
u>650 cm sec-t 1722, CROIRE HOLS kOe 
Te € K 
; (Gite sec?) 
0.0022 0.148 2.06 X 10m 


dency for a relatively rapid but continuous 
increase at a speed of about 7 m/sec. This is 
supported by the material presented by 
DEACON, SHEPPARD and WEBB (1956). 

As regards €, Brocks (1955) has analysed 
a large number of humidity profile data 
without finding a sudden rise, though this 
cannot be considered conclusive because of 
observational errors and the grouping of data, 
which would have tended to blur a discon- 
tinuity. The numerical values of e given by 
Brocks for u = 3 m sec"! and u = 10 msec7} 
agree well with those used by Jacobs. 

Whether the surface drag changes dis- 
continuously at some critical velocity, or 
whether there is a rapid, but continuous transi- 
tion, has little effect on the following argu- 
ment. In fact it will be shown below that the 
end results would be practically the same if a 
single mean value for K had been adopted. 
This was actually done by Jacobs. However as 
an electronic computer was available, there 
was no difficulty in dealing with different 
values of j and e. The values chosen are shown 
in Table I. 

As a first and rather rough approximation 
it will be assumed that there is a mean value 
of Ae = e,—e, such that 


f [ Klee) uds & Ae ff Kuds (5.2) 


where K assumes one of the two values given 
in Table I depending on the wind velocity. 
The procedure finds some justification in the 
fact that the difference in vapour pressure 
between the surface and the air over the open 
tropical seas will rarely vary by more than 
thirty per cent around its areal mean. By 
contrast the wind velocity can easily vary by 
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more than one hundred per cent from place 
to place. The effect of variations in u upon the 
evaporation is further enhanced by their 
influence upon K. 

Equation (5.2) can be integrated with the 
aid of (1.1). If K, and K, denote the values 
of K under smooth and rough conditions: 


Lf fiat ff Kuds= 


=NeLsü ers K, - 0.075 K, + 


is. ef 
= Sh (i) (5.3) 


The expression (4) denotes the supply of 
latent heat to the atmosphere per unit surface 
area of the tropics, as a function of the single 
variable i. 

The mean value of # can be seen from the 
legend of figure 1 to be equal to 5.1 m sec-1. 
It will be assumed that Je = 4.75 mbs. which is 
between Ae = 4 quoted by Jacobs for a 
selected strip (20°N — 25°N; 25°W — 65°W) 
in the North Atlantic; and de = 5.3 quoted 
for a similar strip in the North Pacific (20°N— 
25°N; 130°W—140°E). With this value for 
Ae and with # = 5.1 m sec~}, the mean pro- 
duction of latent heat is computed from (5.3) 
to be equal to 9.65 - 104 erg cm? sec-1. 

From Jacobs’ tables it can be inferred that 
heat in latent form is supplied to the atmos- 
phere at a rate which—on the average over all 
seaons and oceans between 30° and the equator 
—amounts to 200 cal cm? day! or 9.7 : 104 
erg cm? sec-1. Jacobs based his evaluation 
directly on climatological wind data. The co- 
incidende of his estimate with the present one 
suggests that the actual velocity distribution is, 
in fact, reasonably well represented by the 
relations (1.1). 

The function h(#) is plotted in figure 3. 
With a single mean value for K, the term in 
the curly brackets becomes a constant and 
h(i) is then approximated by a straight line. 
This is shown in figure 3 for K; = K, = 
= 1.52 x 10°. The closeness of the two graphs 
proves that the actual relation of K or j to u 
has little effect upon the total evaporation. 

The effect of friction at the surface can be 
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evaluated in a similar way. The surface stress 
is given by: 
Py = eo? (5.4) 
Hence: 


(GER wds= ff oojtutds= ff cutds 


From the values of j and @9 in Table I, it can 
be readily found that for sub-critical velocities 
u<u* the generalized stress factor becomes 
C, = 1.08 x 10-* g cm. For higher velocities 
it is equal to: Ger= 2.64 10" à cn ?, 


Combination with (1.1) gives: 


spa Bs uds= | [Cu is = 48S {2.6325 C, - 
5 


* 
—.0:0275 C, + (C,-C,) [0.06 (4 ) = 


ee 


eed) 


(5-5) 


The function d(#) is plotted in figure 4. 
With a single mean value for C, the term in 
curly brackets becomes again a constant. The 
resulting cubic approximation to d(#) is shown 
as a dashed line in figure 4 for C, = C, = 
= 2.3x10 6. The figure shows that the varia- 
tions of C with u—though larger than those 
of K—could have again been safely neglected 


erg cm2sec-!xlO* 


4 5 NEE 7 8 
U m sec. 
Fig. 3. Mean supply of latent heat energy per unittime and 
unit surface area. The full line gives values obtained from 
equation (5.3). The broken line gives values obtained 
from (5.3) by setting K, = Kg = 1.52 X 10°. 
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Fig. 4. Mean work of viscous forces per unit time in a 
column of unit area. The full line gives values obtained 
from equation (6.10). The broken line gives values 
obtained from (6.10) by setting C,=C, = 2.3 X 107°. 


for values of # between 4 m sec~! and 6 m 
sec, which is the range likely to be encounter- 
ed in reality. 


6. Oscillation of the trade wind circulation 


Introduction of (4.5) into (3.1) gives with 
(5.3) and (5.5) after re-arrangement and divi- 
sion by S: 


Ah (A),5 = d (à); — BAh (4), - 


A dQR i 
aff oder of ff (Ag T+ge+ 


Ad 
+ALgonhdor Ss | | [eo Ta 
(6.1) 


Equation (6.1) is a first order difference 
equation. The indices t and t— 6 refer to 
events occurring at different times. From the 
theory of these equations it follows that the 
general solutions contains a periodic function 
a(t) with period 6. 

The lag time 6 which elapses between eva- 
poration and precipitation, may vary in nature 
from a duration of minutes to one of months. 
In practice, however, most of the precipitation 
will fall in the equatorial trough near latitude 
Po: The most frequent value of 6 should there- 
fore be of the same order as the mean lag 
time which elapsed between equatorial pre- 
cipitation and the preceding evaporation; that 
means it will be of the order: 
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ä — dp N 
= 
re 


Po 


(PP) À 900 
214) ol 


(naut. miles/knots) 


From data given by RIEHL (1954) it may be 
assumed that the mean meridional surface velo- 
city towards the equator |#,| will be of the 
order of 1.4 to 1.8 knots. From that it follows 
that 6 should be about 21 to 27 days. As more 
moisture will probably be precipitated before 
the moisture stream reaches the equatorial 
trough, than afterwards in return currents 
towards higher latitudes on the western side 
of the sub-tropical anticyclones, the true mode 
of 6 may be rather less than that value. 

If the time lag between evaporation and pre- 
cipitation was the same everywhere, periodic 
disturbances with a period 6 would be possible. 
Rıekr, YEH and La SEUR (1950) have in fact 
reported the existence of perturbations in low 
latitudes with a period of the same magnitude 
as that mentioned above. They were observed 
as travelling bands of maximum and minimum 
velocity and they may well be related to the 
periodic solution of equation (6.1). 

In actual fact, the value of 6 is, of course, 
not uniform. However, even a continuous 
distribution of 6 over a range of values would 
still allow damped periodic oscillations, pro- 
vided there was a sufficiently pronounced 
mode. If that was not the case the perturba- 
tions would become aperiodic. 


7. Stability and secular changes of the trade 
wind circulation 


The amount of heat supplied to the trade 
wind circulation per unit time and surface may 
be written by (4.5) and (5.3) as:— 


* ei 

as ff ee dre sf [oo Tv, ds= 
en if 

=h (s+ bez | feranhé (7.2) 


The efficiency of the circulation may be 
defined as the fraction of Q,* which is used 
to overcome turbulent friction in the trades:— 


7 AQ,* = d (a) (7.2) 


From the quoted figures it may be inferred 
that the average values of 7 is at present 
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0.000—or perhaps slightly larger if lateral 
friction had not been neglected. This means that 
the trade circulation may be said to Operate as 
a heat engine with an overall efficiency of 
about 0.9 or at most, perhaps one per cent. 
Combination of (7.1) with (7.2) gives after 
re-arrangement and division by 7 :— 


Ah (hs =< (a), = ABh(a),+ 


A 
+S [fera do 


The last term in (7.3) represents the mean 
contribution of the unit surface to the lateral 
export of latent heat from the tropics. On the 
basis of Starr’s and Wurte’s (1954) data, this 
term may be estimated equal to 0.98 x 104 
erg cm? sect. This is only about one-tenth of 
the total supply of latent heat from the tropical 
oceans to the atmosphere. Variation in this 
flux would be numerically too small to affect 
the logic of the following argument and this 
term will, therefore, be considered constant. 
With this assumption, and with the aid of 
(5.3) and (5.5), it is possible to solve equation 
(7.3) numerically or graphically, to give #, 
as a function of #,-5 and 7. 

Consider first, the cast of a steady circulation, 
in which 4,=ü,_s would be a function of 7 
only. This relation is shown in Table II. 

Figure 5 shows the evaporation term on the 
left side of (7.3) as a solid curve. The terms on 
the right hand side are shown as thin curves 
for various values of 7. The steady state values 
of ü, which were listed in Table II, are deter- 
mined by the intersection of the two sets of 
curves. The scheme of events in a changing 
circulation, when #, + 4,-s may be discussed, 
on the basis of a highly simplified disturbance, 
as follows :— 

It will be assumed that the circulation was 
steady initially with 7 = 0.008; # = 4.8 and 
a latent heat production of 8.7 x 10? erg cm? 
sec-1. This equilibrium may be disturbed by 
a sudden hypothetical increase of the efficiency 
to a value 7 = 0.010. As a result the circula- 
tion will be speeded up until it is characterised 


(7-3) 


Table II. Median velocity # in a steady circulation 
as a function of the efficiency 7. 
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Fig. 5. The solid line shows latent heat production. The 
thin lines represent right hand terms of equation (8.5) 
for various values of 7. 


by a value of # = 5.1 m sec-1. At this velocity 
evaporation supplies latent heat at a rate of 
9.6x10? erg cm ? sec-1, while the dissipa- 
tion and other terms on the right hand side of 
(7.2) amount to only 8.7 x 10% erg cm”? secu}. 
After a time Ô the excess energy is made 
available to the circulation through condensa- 
tion in the equatorial belt. When that happens, 
ü will increase further to 5.26 m sec-!. The 
whole process, as shown by the dotted line in 
figure 5 will continue, with intermittent steps 
of decreasing amplitude, until the circulation 
is again steady with a value of ü = 5.4 m 
sec=h 

The same would have happened if n had 
decreased initially, or if it had changed tem- 
porarily only. In each case, there would have 
been a subsequent oscillatory approach to the 
relevant equilibrium and the associated steady 
state circulation. Changes in the model or a 
more realistic form of disturbance would not 
affect the character of this deducation. 

It is obvious that the present discussion is 
based on a grossly simplified case. The value 
of ö will not be uniform in general and neither 
n nor the lateral export of latent heat are 
likely to remain exactly constant whilst the 
circulation changes. However, these changes 
are relatively small. Even if they were taken 
into account, they would not prevent the thin 
curves in figure 5 from sloping more steeply 
than the thick evaporation curve. As long as 
this is the case, the sequence of events would 
not differ in principle from that described 
above. Physically, this is due to the evapora- 
tion varying with the first power of #, while 
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the dissipation varies with a higher power. 
This creates essentially stable conditions. Ran- 
dom influences causing the circulation to speed 
up will be counteracted by rapidly increasing 
friction. If the circulation slows down for any 
reason, the input of energy exceeds the 
frictional losses and it will be accelerated again. 

For a given operating efficiency the state of 
the trade circulation is, therefore, stable; it 
may oscillate about its equilibrium but will 
always tend to return towards it. This probably 
explains the stability of the subtropical climate 
and perhaps also the velocity distribution 
shown in figures 1 and 2. 

The stability is not affected by changes in 
6. If 6 has no pronounced mode, the return 
to equilibrium after a disturbance may be 
aperiodic instead of being oscillatory. The 
distribution of 6 is probably not constant. As 
a result, disturbances of the equilibrium cause 
perhaps subsequent oscillatory changes some 
times, while at other times they may cause a 
more or less monotonic return to equilibrium. 


8. Variations of the atmospheric heat sinks 


The efficiency of the circulation depends on 
the intensity and on the distribution in space 
of the heat sources and sinks. Heating occurs 
at the earth’s surface and in regions where 
clouds form. The height where this occurs 
does not appear to vary significantly in the 
tropics. An increase of moisture transport 
towards the equator tends to produce a widen- 
ing of the rainfall belt rather than a lowering 
of the condensation level. 

The mean heat loss is given by: 


F R 
Ofer) oar of florr 
wo ) ne (8.1) 


The second term in this equation is, on the 
average, at least two and a half times larger 
than the last term. This estimate is derived 
from radiation balance consideration as quoted 
by PRIESTLEY (1951) which require a mean flux 
of about 4.5 x 102? erg sec-! across the 35th 
parallel. This flux is made up mainly of sen- 
sible heat, potential energy and latent heat. 
The most thorough estimate of the latent head 
flux appears to have been obtained by Srarr 
and WHITE (1954), from whose figures it is 
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inferred that it amounts to about 1.3 x 107? erg 
sec-!. The difference between these figures 
gives the flux of sensible heat and potential 
energy as represented by the last integral in 
(8.1). The heat loss due to radiation is not only 
larger than that due to lateral export, but is 
also dynamically more effective because it 
occurs at a relatively high altitude of low pres- 
sure. Variation in this altitude would affect the 
efficiency of the circulation. 

Radiational cooling caused by the emission 
of infra-red radiation from water vapour and 
clouds is diffused throughout the middle and 
upper troposphere. The mean height of the 
layer which is being cooled depends on the 
height to which water vapour is being trans- 
ported by convection and this, in turn, is 
influenced by the height of the tropopause. 

As discussed by Goopy (1949), the equi- 
librium temperature and height of the tro- 
popause depends on the surface temperature 
and on the relative abundance of water 
vapour, carbon dioxide and ozone. At middle 
and high latitudes, ozone has little effect. The 
equilibrium position and temperature of the 
tropopause there depends mainly upon the 
balance between radiative heating caused by 
CO,—the mixing ratio of which is constant 
with height—and cooling caused by water 
vapour. Conditions are different over the 
tropics. The radiation due to CO, and H,O is 
small at the tropical tropopause because the 
cold, tenuous air can only contain a small 
mass of these gases. The ozone amount in the 
tropical stratosphere, though also smaller than 
in higher altitudes, is not reduced in the same 
large ratio. It has, therefore, been suggested by 
Goody, that the effect of ozone—and of its 
variations—is probably more important in the 
tropics than at higher latitudes. A decrease of 
the stratospheric ozone mixing ratio would 
tend to lower the temperature and raise the 
height of the tropical tropopause. According 
to Prass (1956), it would also tend to lower 
the equilibrium temperature at the top of 
clouds and hence intensify the cooling rate 
within the tropopause. 

Most of the ozone in middle and high lati- 
tudes has been transported there by horizontal 
air currents and is not in photo-chemical 
equilibrium. Near the Equator, equilibrium 
conditions are more closely approached and 
the height and temperature of the ozone layer 
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is more likely to be effected directly by pos- 
sible changes in solar ultra-violet radiation. 

Changes in the radiation balance produced 
by temporary changes of ozone amount in 
the lower stratosphere would cause changes in 
the height of the troposphere and in the cooling 
rate below. The resulting change in the effi- 
ciency 7 should cause after a time 6 a possible 
sudden change in the circulation. This may 
conceivably be associated with Smapıro’s 
(1956) findings of a decrease in weather per- 
sistence correlation about 2 weeks after severe 
increases in geo-magnetic activity. The latter 
are likely to be preceded by temporary changes 
in ultra-violet radiation. It is stressed that this 
suggested solar-water relationship would need 
observational backing before it could be raised 
to the rank of a hypothesis. 

It is of some interest to note that changes 
in the CO, mixing ratio will also affect the 
height of the tropopause. In particular, an 
increase of the CO, mixing ratio would tend 
to reduce the height of the tropopause and the 
rate of radiational cooling in the troposphere. 
This would tend to lower the efficiency and 
intensity of the direct meridional circulation. 


9. The effect of land surfaces in the tropics 
The supply of sensible heat from the heated 


and surfaces to the atmosphere can be com- 
paratively large, particularly during the day. 
SUTTON (1953) quotes observations obtained 
by Maude in the Gobi Desert during June, 
which indicate a heat flow of up to 27 x 104 
erg cm? sec”! from the surface to the atmos- 
phere. On the average, during the hours of 
daylight the upwards heat flow was 14 x 104 
erg cm? sec! and during night it was 
reversed, giving a mean upwards flow of 
6 x 10% erg cm? sec! for the whole day. 

June conditions over the Gobi Desert are 
extreme. The mean upwards flux of sensible 
heat energy from tropical and sub-tropical 
land masses, averaged over all seasons is un- 
likely to exceed 3 x 104 erg cm”? sec? at the 
most. If it is considered that land covers only 
25.8 per cent of the global surface between 
30° Sand N, it can be concluded that the energy 
obtained by the atmosphere from the tropical 
land surfaces is at most one tenth, and probably 
less, than that obtained as latent and sensible 
heat from the oceans. 
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Although heating from the land surfaces 
initiates the great monsoon circulations, most 
of the energy supplied to the atmosphere from 
the continents is probably again dissipated over 
the continents. It would be very difficult, if 
not impossible, to obtain estimates of frictional 
stress over the various tropical land surfaces. 
The prevailing existence of light variable 
winds suggests that this stress must be con- 
siderable and that it largely balances the 
generation of kinetic energy. 

If there is a small excess of heat supply as- 
sociated with the land surfaces, it would add 
another small negative term to the right hand 
side of equation (6.1). An overall balance 
requires in this case a somewhat higher value 
of the median velocity # or lower values of 
the efficiency 7. However, on present indica- 
tions this effect does not seem to be important. 


10. Conclusions and further problems for 
investigation 


The marked persistence and stability of the 
trade wind circulation has been shown to be 
due to an equilibrium between the generation 
and dissipation of energy. The velocity dis- 
tributions shown in Figures 1 and 2 are 
probably an expression of this equilibrium. 
However, no attempt has been made in the 
present paper to explain the actual shape of the 
velocity distribution curves and this would be 
an interesting problem for further study. 

The generality of such a study would be 
limited by basing it on frequency distributions 
and climatic data as had been done above. 
Substantial departures from the area/velocity 
configuration shown in Figure ı could well 
occur over limited periods of time, without 
being detectable by climatological methods. 
The steadiness of the trade wind circulation 
suggests that these departures might not be 
very large, but synoptic investigation into this 
matter would be desirable. An assessment in 
synoptic termsof the distribution of wind 
strength in space and time, and of the energy 
level of the global trade wind circulation, 
would be laborious but feasible with modern 
computational methods. 

The assumption of a constant value of Ae— 
the vapour pressure difference between the sea 
and the air—introduces a simplification of the 
actual conditions. A decrease of the evapora- 
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tion should lead to an increase in the sea 
surface temperature, which would favour a 
renewal of the upwards moisture flux and hence 
the maintenance of a stable circulation. Con- 
sideration of changes in Ae might therefore 
lead to modifications in the present treatment, 
but they could not affect the main deductions. 

A stable circulation can be affected by 
oscillations which would tend to have a 
preferred period, comparable to the mean 
time which elapses between evaporation of the 
water molecules in the trade wind zone and 
their precipitation in the equatorial trough. 
At present the values, which this time interval 
may assume, can only be guessed. Quantitative 
studies of this matter would be of interest. 
The ozone distribution at low latitudes has 
been described by KARANDIKAR and Ra- 
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MANATHAN (1940). Little observational ma- 
terial appears to have been published, however, 
about variations of the vertical distribution in 
time or about the relation of these variations 
to the height of the tropopause and the infra- 
red cooling rate below. Observation and in- 
vestigation of these phenomena may possibly 
be required for a full understanding of the 
evaporation-precipitation cycle at low lati- 
tudes and of its fluctuations. 
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Baroclinic Atmosphere 
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Pesrme 


Ha OCHOBe pemeHnsn 3anaym O MaJbIX KONeOAaHMAX OAPOKIMHHOÏË ATMOCPEPFI HaeTCA 
o6man KIACCHÈHKAUHA OCHOBHBIX THHOB MUHAMMYECKUX UpoweccoB B aTMOChepe (ropu- 
SOHTAJIBHPIE BUXPEBBbIe JABWKCHMA, TPABNTAUMOHHECE M akycTMyecKMe BOUHH). HaüneH 
o6mmi BUA MHBAPHAHTA, C HOMOIPBIO KOTOPOTO MOSKET OLITH PACCANTAHO PM IPOH3BONBHLIX 
HAUAJIPBHEX MAHHEIX UPeNelIbHOe CTAUMOHAPHOE COCTONHHE aATMOCEPH 063 AHANM3A Bon- 
HOBBIX MpomeccoB, OÖYCHABAHBAWINHX MepecTpoiiky noel. IIporHocTuyeckme YPABHEHUA 
MOryT ÖbITb BbIBeNeHbI IYTeM BEIYMCIeCHUA MpPOM3BOAHO MO BPeMeHH OT ,,HBAPHAHTA‘* 
€ yueTOM KBAAPATHYHEBIX YIeHOB. BEACHAeTCA ,,PUNbTpPyIOMmaA’ POIB KBABNCTATUYJECKOTO 
IPHÖJWKEeHNA: OHO ,,OTHUNILTPOBbIBAeTSS BHYTPEHHME AKYCTMYECKME BOJHLI U HECKONBRKO 
3ABbIIIAeT YACTOTbI TPABHTANMOHHBIX BOJIH. II0KA3aH0, B YACTHOCTH, YTO BPeMA YCTAHOBJE- 
HMA KBA3MCTATUYECKOTO PABHOBECHA B aTMOCHepe COCTABAAET BCETO JUPE HECKONBKO MUHYT. 


Abstract 


In the present note we make an attempt to classify the basic types of dynamical pro- 
cesses in the atmosphere such as gravitational and acoustic waves and horizontal eddy 
motions by solving the problem of small oscillations in the baroclinic atmosphere. 

We have found a certain invariant with the help of which one can estimate the final 
stationary state of the atmosphere under arbitrary conditions without the analysis of the 
wave processes which cause the field change. The most natural way of obtaining the spe- 
cial equations for the numerical forecasting is that of computing the first derivative in 
time of the invariant in the second approximation (quadratic terms being taken into 
account). 

The filtrating role of the quasi-static approximation is being investigated in the note. 
Quasi-static approximation filtrates the internal acoustic waves and somewhat increases 
the frequencies of the gravitational waves. 

It has, in particular, been shown that the time required for establishing the quasi-static 
balance in the atmosphere is equal to some minutes. 


For hydrodynamical weather forecasting 
the simplified dynamical equations resulted 
from “quasi-static” and “quasigeostrophic” 
approximations are used (Kiser, 1957). The 
equations are of the first order in time while 
the basic system of the hydrodynamical equa- 
tions is of the fifth order. In the process of 
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simplifying the basic equations some solu- 
tions, and namely those corresponding to the 
rapid wave processes, are excluded (or fil= 
tered”). Charney who introduced the term 
“filtration” was the first to indicate this 
circumstance (CHARNEY, 1948). 

To justify the above mentioned simplifica- 
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tions one needs to find out the nature of the 
rapid wave motions and show the mechanism 
of a field “adaptation”. “Adaptation” is the 
process when the atmosphere changes for a 
short period from an arbitrary state charac- 
terized with five independent functions (a 
velocity vector, pressure and temperature) 
into quasibalanced state with certain fields 
agreeable to each other. The term “adaptation” 
has been introduced by OBuKkHov (1949) for 
consideration of dynamical processes in the 
two-dimensional model of the atmosphere. 
Similar consideration has been given to the 
three-dimensional atmosphere by Kibel and 
Monin in the works (Monin, 1958) and 
(KiBEL, 1955), the hypothesis of “quasi-static 
character” being used ad hoc. 

In the present note we make an attempt to 
classify the basic types of dynamical processes 
as horizontal vortices and gravitational and 
acoustic waves by solving the problem of 
small oscillations of the baroclinic atmosphere; 
the filtering role of the quasi-static approxima- 
tion is being investigated. 

Let us write the system of dynamical 
equations as follows: 


du dv p 
Ske ee 
CR 
Se (x) 
20 {dou dov _ dow\ dp „de 
ee (2. dy oz) dt à 


wuere 2, 2 and fare Cartesian coordinates 
and time; u, v and w are the velocity com- 
ponents; p is the pressure; @ is the density, g 
is the acceleration of gravity; I=2w, is the 
Coriolis parameter (a constant); c?=xp/o is 
the adiabatic velocity of sound squared; 


6 
x= +? 
c 


v 
dynamical equation we introduce the auxi- 


liary parameter the actual value of the pa- 
rameter is equal to unit, but putting formally 
H=0 we might obtain the equation system 
in a quasi-static approximation. 

Let us take the relatively motionless state 
of the atmosphere with regard to the rotating 
coordinate system as the “main state” for 


which u=v=w=o, p=p(z) and 0=g(z) are 


is the specific heat ratio. Into the third 


A. S. MONIN AND A. M OBUKHOV | 


given functions of the height z connected by 
the static equation. Let us consider small 
deviations from this state which can be charac- 
terized with y, y, 2, x, o having the following 
sense: 


PL u 2 
ser ME 2) 


Gu=yi a=p-Pi 0=0-2 


Using the linearization method for the dyna- 
mical equations (i. e. eliminating the quadratic 
terms from (1)) the below equation system 
can be obtained: 


= = an; 
AA ~ Bye (3) 
where 
fee B=(u- ng+ 


Note that B=%R (y,—y) is the main charac- 
teristic of the stratification of the atmosphere 
H—I oT 
(ve- . R: y= +) The system (3) 
is of the fifth order in time as well as the basic 
system (1) is. It approximately describes 
the evolution of disturbances in time*). The 
boundary conditions according to the coordi- 
nate z can be given in the following form: 


z=01(e=0); (4); 

so)  ( 
(the conditions of the vanishing of the vertical 
velocity on the lower boundary and that of 
the mass flux at the infinity). 


For solution of the Cauchy problem five 
initial conditions should be given if t=o: 


P=Yol% 92); P=Polx Ys 2)3 L=X0l(™ ys 2); 
%=Ty(x, y, 2); C=G4(x, y, 2) (6) 


* The stationary values in the linear theory are actually 
quasistatic characteristics the changes of which in time 
are determined by the quadratic terms of the basic 
equations. In the forecast theory they play a very im- 
portant role. 
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The system (3) admits a family of the stationary 
solutions dependent on one of the arbitrary 
functions of the coordinate y;(x, y, z). The 
relations given below are valid for each sta- 
tionary solution: 


I Oy, 
a,=ly3 o= -- ef. 
ra dz 


Ps— 0; 


In other words the stationary solutions are 
horizontal and nondivergent. The geostrophic 
wind equations and the static equations are true 
for them*): 


I OTs 


lo oy’ 


I On, on; 
Bar de. 


u; 


For the system (3) there exists the invariant- 
function which is linearly expressed by means 
of the basic field characteristics and does not 
depend upon time: 


It is easy to verify that due to the equation (3) 
IQ ee : 

an The invariant for the three-dimen- 
sional case found by us is a well known con- 
ception of a potential vorticity (OBUKHOV, 
1949). It is also easy to verify the invariancy of 
S* determined in the plane z=o by using (3) 


and (4): 


S* =7* - c20* 


(10) 


(the asterisc denotes the values when z=0). 


Note that © and S* are independent of the 
parameter # and consequently, they keep on 
being invariant even when we come to quasi- 
static approximation (y — 0).** 

Let us call disturbances of a wave type those 
disturbances for which =o under an addi- 
tional condition on the boundary S*=o. 


* The solution of the equations (3) under the initial 
conditions (6) can be stationary only if these conditions 
are valid for the initial state 


1 Iwo. 
g 07° 


To = lo Co = HSCs jo & 


** The corresponding invariants of the quasi-static 
approximation have been found by A. S. MonIn (1958). 
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The main characteristics of the disturbances 
of the wave type @ and y satisfy the system of 
the fourth order: 


0? 
y od IX 
a 274 2 II 
Sa 19 (6 Hof +24) ue 
[%, 
tee (% + ap) 


It is easy to see that if u=o (a quasi-static 
hypothesis) the order of the system reduces 
by two and the number of independent field- 
characteristics correspondingly decreases. The 
system (11) is solved under the boundary 
conditions (4) and (s) and under the initial 
condition 


= In; X= Yo: 
ONE ON 
bare - (3) +850 


The wave solutions have the property of 
disappearing without any “trace”. It means 
that if at the initial moment the characteristics 
of the wave field are different from zero in a 
certain finite area then if £ +> co they will 
tend to zero. 

Let us suppose that the initial field charac- 
teristics Wo, Po To» Xo» Co Satisfy the conditions 
(7) everywhere except some finite area in 
which the field-characteristics mentioned above 
are given independently of each other. The 
initial field can be represented as the sum of 
the stationary and wave components. As time 
passes, the wave disturbance disappears and at 
any finite area of the field it approaches 
the stationary type corresponding to the stream 
function y, and the pressure m,=hy,. That 
is the process of the field adaptation of the 
atmosphere. 

In order to determine the function y, 
corresponding to the final state the fact that 


the value of 2 for the initial state is equal to 
the one for the final state, can be used. Hence, 
taking (7) into account the equation of the 
elliptical type can be obtained: 


Gif t= 0) 
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es 
£ s 


2 2 Oy, te 
det (CPS IE 


It is to be solved under the boundary condition 
resulting from the invariancy of S*: 


Coys, Ty _e fh ed 
arr De = Fo 260) (if z=0) (13) 


The differential operator in the left part of 
(12) is known in the theory of a pressure 
field in the baroclinic atmosphere (KIBEL, 1955 
and MONIN, 1958). 

The estimation of the scale of time for the 
adaptation process requires a more detailed 
analysis of the wave disturbances in the atmos- 
phere. The system (11) may be solved by 
means of separating the variables. For the case 
of isothermal atmosphere (C?=const, B= 
const) the solution is obtained as the sum of 
the particular solutions of the form 


exp | - = z+ilkxc+ky+mz- on) | 


The frequency « is determined for each three 
of the wave numbers (ko, kj, m) from the 
characteristic equation of the fourth order. 
For w? we can obtain two values corresponding 
to the two types of the waves: 


2 2 [2 2 2 
(60) € —— m il er 

u ee + Pts tte 
5 2 CaP Ue Nee 


4 2 2/2 
DORE 
/, 4gP a 20 = gB 


\ DATE 2 2 
ic PO A TN 
|! Ya’ “i thn 


u 2 
&, corresponds to the sign +and w, corresponds 
to —. It is natural to call the waves of large 


frequencies w, (with large propagation speed) 
acoustic waves nad the slower oscillations with 
frequencies w, the gravitational waves*. 

e 
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Besides the solutions with m +0 which can 
naturally be called internal waves there exist 
special solutions when m=o for which y=o, 
g = o with the frequency spectrum? = k?c? +. 
These waves can be called two-dimensional. 
They are similar to the acoustic oscillations. 

If u tends to zero (quasi-static approxima- 
tion) the internal acoustic waves disappear 
(i.e. their frequencies tend to infinity). The 
frequencies of the gravitational waves keep 
on being limited. Note that the change of the 
spectrum is not sufficient for the large scale 
disturbances (the horizontal scale is much 
higher than the height of the homogeneous 
atmosphere). So the quasi-static approxima- 
tion is the method for filtration of the internal 
acoustic waves. 

The duration of the adaptation process of 
the atmosphere to the quasi-static state is of 
the same order as that of the sound wave 
passing through the entire atmosphere**. It 
takes several minutes. After the static balance 
has been accomplished the adaptation process 
is progressing to the geostrophic balance. On 
average along the vertical such a state establishes 
after two-dimensional waves have disappeared. 
Somewhat later after the internal gravita- 


D 


tional waves have disappeared the geostrophic 


balance is established at all heights. The 
second step of the adaptation process can be 
investigated with the help of approximate 
“quasi-static” equations that has been done 
by A. S. Monin (1958). 


* Acoustic oscillations are mainly dependent on the 
medium’s compressibility (c?) and to a less extent on 
the Arkhimed forces (8). For the gravitational oscilla- 
tions the main factor is stratification although the com- 
pressibility of some importance too. For the case 1 =o 
if x oo that corresponds to the incompressible stratified 
medium we get the equation (PRANDTL, 1949): 

** The sound wave passes through the layer of 20 km 
per min. 
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Abstract 


The space variables of a two-layer, quasi-geostrophic model, which includes non-adiabatic 
terms and a variable static stability, are expanded in a few leading terms of a spherical harmonic 
series. The terms are chosen to specify a zonal current with a belt of easterlies and westerlies, 
and a single baroclinic wave. These expansions are used to transform the equations of the model 
into a set of thirteen ordinary differential equations. Numerical experiments have been carried 
out with this system for different wave lengths of disturbance and different levels of heating 
contrast. The solutions indicate that the system combines many effects noted in the “‘dishpan”’ 
experiments and theoretical stability studies of large-scale motions. 


I. Introduction 


In connection with numerical weather pre- 
diction, techniques have been developed for 
integrating the non-linear meteorological equa- 
tions in simplified form. Simplification of the 
complete equations has been carried out in sev- 
eral ways. The general equations are modified 
so that motions corresponding to sound and 
gravity waves are filtered out. The vertical 
structure of the atmosphere is approximated 
by allowing the important meteorological 
variables to have only a small number of 
degrees of freedom in the vertical. In most 
cases all non-adiabatic terms are neglected, 
although recently attention has turned toward 
including approximations of the more im- 
portant effects in connection with long range 
forecasting and numerical experiments investi- 
gating the maintenance of the general circula- 
tion (PHILLIPS, 1956). 

For research purposes it may be desirable 
to simplify the meteorological equations still 
further while still retaining their non-linearity. 
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One way in which this may be done is to 
expand the horizontal fields of the variables 
in a series, such as a double fourier series. The 
higher order terms in such a series would 
specify successively smaller and smaller scales 
of motion. When only the leading terms in 
such an expansion are retained, enough degrees 
of freedom remain to allow for important 
physical processes even though the specifica- 
tion may not be good enough for forecasting 
purposes. The “pre-filtered” set of equations 
obtained after transformation has the same 
energy invariants as the original model. This 
approach has been suggested by Lorenz (1958), 
who has illustrated the method in an investiga- 
tion of a hypothesis for the index cycle. 

In a study by Lorenz and Bryan three double 
fourier components were used to represent the 
stream function in each of two layers. In order 
to formulate a simple analogue to the general 
circulation non-adiabatic terms were intro- 


1 This investigation was sponsored by the Statistical 
Forecasting Project, M.I.T., A.F. 19 (604) 1566. 
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duced in an approximate way. Instead of 
arbitrarily choosing a constant static stability, 
it was introduced as a seventh variable in the 
system. This permitted the investigation of 
the relationship between circulation intensity 
and static stability. The investigation to be 
reported on here is a similar study. It makes 
use of the same physical model, but spherical 
geometry has been taken into account by ex- 
panding the stream function in a few leading 
terms of a spherical harmonic series. The com- 
ponents representing the non-zonal disturb- 
ance were taken to be complex with respect to 
longitude. This enabled disturbances to move 
without change in shape, a feature missing 
in the seven-variable system. The final system 
contained thirteen independent parameters. 

Computations carried out with the system 
were designed to test its non-linear response 
to three different levels of forced heating in- 
troduced through the non-adiabatic terms. The 
single baroclinic disturbance was varied over a 
range of intermediate wave lengths. The re- 
sults of these computations are discussed un- 
der the heading of experiment I. Experiment 
IL is a single integration of the system extending 
over the equivalent of a long time span. The 
forced temperature contrast is slowly changed 
to simulate seasonal variations. 


2. The Physical Model 


Wet 

v=vxkyiv 2 
Op 

where the first term on the right represents the 
non-divergent part of the horizontal wind and 
the second term the divergent part. This par- 
ticular notation is used for later convenience. 
Neglecting non-adiabatic terms for the mo- 
ment, the continuous equations on which 
this study is based are the following: 


a a 
ern) © 
20 a 20 

= =] (0, y) 37 re (2) 
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In equation (3) x is equal to R/c,. The re- 
maining symbols have their conventional 
meaning. Written with pressure as the vertical 
coordinate, equations (1) through (4) are re- 
spectively the vorticity equation, the thermal 
equation, the thermal wind relation corre- 
sponding to geostrophic balance, and the con- 
tinuity equation. Note that these equations are 
similar to those frequently used in connection 
with numerical weather prediction with the 
exception of two extra terms. In equation (1) 
the advection of the absolute vorticity by the 
divergent part of the wind is included. The 
advection of temperature by the divergent 
part of the wind is included in (2). As shown 
by Lorenz (1957) these terms must be included 
if a quasi-geostrophic model is to have the 
proper energy invariants involving kinetic 
energy, available potential energy and the 
vertical temperature structure. 

For convenience in writing down the twa- 
layer specialization of these equations the fol- 
lowing new variables are introduced: 


O=— (0, +9) 
I 

s=- (0: - 93) 

N é 

=> (Yi + ¥s) 

= (mi Ys) 


The subscripts 1 and 3 refer to the upper and 
lower layer respectively. The subscript 2 will 
refer to the interface. As a further simpli- 
fication, it is assumed that s is a variable with 
respect to time only. Since s is a measure of 
the static stability, for simplicity it will be 
referred to as such in the following discussion. 

Very simplified approximations are made of 
the effects of turbulent viscosity and non- 
adiabatic heating. It is assumed that radiation 
and smaller scale dynamic processes not in- 
cluded explicitly in the system would maintain 
a certain temperature distribution given by the 


constants, O*(q) and s*. Non-adiabatic heating 
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in the system is taken to be proportional to the 
difference between the ambient temperature 
distribution given by © and s and the “forc- 
ed” distribution. The constant of proportio- 
nality, h, has the dimensions #1. Similarly the 
effects of friction at the lower boundary and 
the internal eddy viscosity coupling the layers 
are introduced by the relations, 


("%) surface fric. = — kv?y, 


and 


2) 
Ga int. eddy vis. = —1v?r 


Numerical values of h, k and / are given later 
in connection with the actual experiments. 
The viscous term involving lateral shear is not 
represented in the model. 

In the case of just two layers the continuity 
equation (4) reduces to 


LS 2 
Da = —V°Xe 


This equation may be used to eliminate all 
reference to w. With this substitution and the 
addition of the approximation above for the 
non-adiabatic effects, the equation for the two- 
layer system based on (1) through (3) may be 
written as: 


yp k se: 
ve JG, op +f) +] (eo) = 5 (FF) 


(5) 
very, ver)+J(T, v?y +f) - 


~9-(fox)==99(P-2)-I ve (6) 
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The constant, c,, in equation (9) is equal to 


5 (2) = (2) | o is the total area of the sys- 
2 L\4 4 


tem. Excluding the non-adiabatic terms on the 
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right hand sides, equations (5) through (9) 


represent a special case of a more general 
formulation of energy consistent meteoro- 
logical equations suggested by LORENZ (1957). 
Note that these particular equations are very 
similar to the so-called two-parameter model 
with the exception of equation (8). In most 
numerical weather prediction models the static 
stability is treated as a constant. Since s is 
assumed to vary with respect to time only, 
equation (8) is an ordinary differential equa- 
tion. The second term on the left hand side 
represents the covariance over the entire 
system of temperature and vertical motion. 
Generally this term is almost exactly balanced 
by the non-adiabatic term, which would 
otherwise tend to reduce the lapse rate to a 
value s*. 

In describing the solutions, frequent reference 
will be made to different forms of energy. The 
kinetic energy of the non-divergent flow and 
the available potential energy of the entire 
system are: 


K= a J (pvp + Ten) do 
Va oe J [(@2 +) - s]do 


These two expressions have been derived 
previously by Pnitrips (1954) and Lorenz 
(1957), respectively. Available potential energy 
has been discussed in some detail in connection 
with the general circulation by Lorenz (1955) 
and van MIEGHAN (1957). The simplified ex- 
pression above may be arrived at by consider- 
ing the expression for the total potential and 
internal energy of the system. 


Pot. Energy + Int. Energy = 


se I (39 - as)do 


o 


à 10 3 cs I \* 
The constant, c,, is equal to — [ (2) + (2) | 
Play 4 


The mean temperature of the entire system 
cannot change by adiabatic processes. On the 
other hand, since the mean square potential 
temperature is conserved under adiabatic flow, 


(2 
She = s? a O 
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Here smax is the maximum static stability that 
could be attained by an adiabatic redistribution 
of the mass field. Thus 


rs Sf (Smax — s) do 


3. Constrained Harmonic Form of the 
Equations of the Model 


As outlined in the introduction only a small 
number of terms of the complete harmonic 
expansions of the variables are retained in the 
final formulation. Using the correct variation 
with latitude of the coriolis parameter, a 
problem arises in applying the geostrophic 
thermal wind relation at the equator where f 
is zero. This may be avoided by adopting a 
boundary condition of symmetry in the flow 
across the equator. In this case the temperature 
gradient is zero there so that both terms in the 
thermal wind relation vanish identically. This 
symmetry condition is satisfied by choosing 
only even-valued harmonics across the equator 
to specify the temperature field, and only odd- 
valued harmonics to specify the stream func- 
tion field. 

Let Y®* represent a normalized spherical 
harmonic of degree n and order m. The order 
indicates the number of waves around latitude 
circles. The number of zeros between poles is 
given by the difference, n —m. Therefore when 
n—m is odd, the function is odd-valued across 
the equator. In the very minimal specification 
used in this study only the two lowest degree 
harmonics, odd-valued across the equator, 
were retained to represent the zonal flow and 
the disturbance of wave number m. 


= 5 : 
VP = ALY) Ag VRP PER 
+ eu 
+ ARR VEN 


m+3 (10) 
2 — RI V0 0 70 u + 
VAT Bi DES Voc ie AY EN 2e 
sn > 
ar De +3 de +3 
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The harmonic form of (9), the thermal wind 
relationship for the two-layer system, is: 


WEN 
fe Na” 
(n-m) Br_, (n+m+ı) Br, 


(2n+1)n2 NT; (2n+3)(n+1)2 Nm, 
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In this relation L”™ is the complex amplitude 
of a harmonic specifying ©, and N7 is the 
normalization coefficient for a spherical har- 
monic of order m, and degree n. This equation 
brings out a basic difficulty in using a small 
number of harmonics to specify a two-layer 
system. With the condition of symmetry 
across the equator, every adjacent pair of odd- 
valued harmonics, specifying r, is related 
through (12) to an intermediate, even-valued 
function across the equator, specifying the 
temperature field. Thus from this point of 
view either the temperature must be under- 
specified with respect to the shear stream 
function, t, or vice-versa. The first alternative 
was followed in this study. 


(13) 
(14) 
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It is important to note that Y2 has just a 
single zero between equator and pole at ap- 
proximately 40° of latitude. Thus the speci- 
fication of the vertical motion permits a special 
type of Hadley circulation, but the three-cell, 
meridional circulation of the type proposed 
by Rossby is eliminated a priori. 

SILBERMAN (1954) has described the trans- 
formation of the barotropic vorticity equation 
by means of spherical harmonics. If the limited 
expansions, (10) and (11) are substituted into 
the vorticity equation, (5), and an integration 
is made over the entire sphere, the orthogonal 
properties of the harmonics lead to four 
ordinary differential equations. 


Ao =F, (15) 

AS =F, (16) 

Ams Fs (17) 

4m = F 18 

Since 2 ; 
Ay" = (— 1)" AR 


where A7 is the complex conjugate of 4”, 


equations involving A,7, and AZ”, are re- 
dundant, and are therefore omitted. F,... dec} 
are simple, but cumbersome expressions in 
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terms of the amplitudes of r and y. For con- 
ciseness they have not been included. Note 
that the last two equations are complex. In 
the same way equation (6) becomes: 


Bo + 5,W3 = F; 
Bo +b,W2=F, 


Brevi ar b,WR,,=F; 


Best b,We = F, 


where b,, bs, b, and b, are constants determined 
by m and n, and the coriolis parameter. The 
specialized harmonic form of the thermal equa- 
tion is given by only two ordinary differential 
equations. 


13+sW3=F, 


(23) 
(24) 
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Equation (8) becomes simply 


N: ee eg 
0 0 777 
5 13W2 - — (In Wat In Wu) = Fa 
(25) 


Equations (15) through (25) were solved 
through numerical integration. At each time 
ROME NE ue F,, were known quantities 
and the terms on the left the unknowns to 
be solved for. The first four equations, (15) 
through (19), contain only one unknown and 
therefore could be solved directly. The re- 
maining equations, with the exception of (25), 
were solved by combining them with the aid 
of the thermal wind relation. Specializing 
equation (12), and differentiating with respect 
to time, 


(26) 
(27) 


L9 + a, B + a,B9 = 0 


m m = 
In 3 + d3Bnxi + 4Bn+3 = 0 


ITC di... a, are constants. 

If equation (26) is used to eliminate L} 
from (23), and (23) is combined with (19) 
and (20), 


a, dog S BY | Fa 
od, Boh = Be (28) 
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Similarly (27), (24), (21) and (22) may be 


combined to form: 


Ag, 5 Bin, F, 
Get m+2 Fo 


In (29) the coefficient matrix is real, but the 
column of unknowns and the non-homo- 
geneous part are complex. Separating the real 
and imaginary parts, the resulting set of linear 
non-homogeneous equations may be solved by 
inverting the coefficient matrix. If (28) and 
(29) are solved first, the values of W2 and 
W%,2 obtained at each time step may be 
substituted in the second and third terms of 
(25), the equation for the static stability. When 
this is done, (25) may be solved without 
further modification. 


4. The Harmonic Form of the Expressions 
for Energy 
The expressions for the kinetic energy and 
the available potential energy of the system, 
equations (6) and (7) respectively, may also 
be written in specialized harmonic form: 


= op Pease 1h 
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In the expression for K, the first four terms 
within the brackets, involving zero order har- 
monics, represent the kinetic energy of the 
zonally averaged flow. The other terms rep- 
resent the “eddy” kinetic energy of the con- 
strained system. 

Recently there has developed a great deal of 
interest of the rates of transformation and 
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destruction of various forms of energy in the 
general circulation. In the discussion of the 
solutions reference will be made to: (a) the 
transformation of zonal potential energy into 
zonal kinetic energy, (b) the transformation 
of eddy potential energy into eddy kinetic 
energy, and (c) the transformation of eddy 
kinetic into zonal kinetic energy. These three 
transformations will be denoted respectively 
by {4-K}, {4’- K'} and {K’- K}. Expres- 
sions for these transformations may be derived 
in terms of the special harmonic expansions 
of the variables used in this investigation by 
dividing (30) and (31) into their zonally 
averaged and eddy components and dif- 
ferentiating each component with respect to 
time (Pruzcrs, 1954). All the tendency terms 
in the resulting equations may be replaced by 
the specialized harmonic form of the vorticity, 
thermal vorticity, and thermal equations. The 
quantity {A- mas for example, may then be 
identified as the common term in the expres- 
sion for = and = The other two expressions 
may be found in a similar way. Writing down 


the result directly: 
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5. Numerical Method _ 


The numerical integration of an equation of 
the type, 
at 


5 JG Y-E 


involves certain difficulties which occur re- 
gardless of whether the stream function is 
represented by values at discreet grid points or 
by the amplitudes of orthogonal harmonics. 
The non-linear and the linear term on the right 
hand side of the equation have different sta- 
bility properties for ordinary finite difference 
schemes. Puiturps (1956) has discussed this 
problem, and presents a method which is 
very efficient when the linear term is small 
relative to the other term. With the rather 
high values of the friction and heating coef- 
fients used in this study, the method was nof 
practical. Instead the Runge-Kutte method ot 
integration was used, taking second order ac- 
curacy. This method was stable in the ordinary 
sense, if 


where At is the time step, and f, the period of 
the most rapidly fluctuating amplitude. This 
method had the disadvantage of introducing a 
slight, but steady amplification through the 
non-linear terms, which increased with the 
fourth power of the time step. This resulted 
in a small fictitious source of energy. The effect 
would be very serious in an adiabatic system, 
but in this case it could be balanced by a slightly 
higher rate of dissipation with only a slight 


modification of the solutions. 


6. Experiment I 

An important non-dimensional quantity in- 
troduced in connection with the “dishpan” 
experiments is the forced thermal Rossby 
number, 
es; 

r Qr 
UT is the zonal thermal wind implied by the 
latitudinal temperature gradient forced by ex- 
ternal heating, and the denominator is the 
velocity of solid rotation. Thus the forced 
thermal Rossby number is determined solely 
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by externally imposed conditions and not by 
the flow itself. In the constrained system the 
forced temperature distribution (see equation 7) 
was specified by a single zonal harmonic, 


O* (4) = - LY 


The profile of Y$ is proportional to the cosine 
of the latitude plus a constant. This -forced 
temperature distribution implies a given forced 
zonal wind shear between the upper and lower 
layer provided some assumption is made about 
the ratio of the amplitudes, B? and BS, in 
(26). In order to conveniently define Ro’, 
Ur is taken to be twice the difference in 
velocity between the layers at latitude 45°, 
provided that the two amplitudes specifying 
the zonal vertical shear are equal. 

In all twelve integrations included in this 
experiment the other constants were taken 
to be: 


The value of s* may be interpreted as 
meaning that the effect of radiation and small 
scale effects was to drive the lapse rate toward 
a neutral value. The constants h, k and 1, 
involved in the heating and friction terms 
reflect the physical character of the fluid, but 
are necessarily very abstract quantities since 
they represent effects due to all scales less than 
the very largest ones included explicitly in the 
constrained system. If any attempt was made 
to model the earth’s atmosphere more closely, 
which is not justified in this simple system, 
smaller values of these constants would be 
more appropriate. In particular the heating 
coefficient h should be several orders of 
magnitude less than k. It should be noted that 
solutions of quite a different character might 
have been obtained with other values of these 
constants. 

In some preliminary experiments it was 
found that the same equilibrium solutions were 
converged on rather rapidly by the system no 
matter what the initial conditions were. There- 
fore initial conditions were chosen more or less 
arbitrarily except that the disturbance was 
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given a small initial amplitude in every case. 
Runs were made for three different levels of 
the forced thermal Rossby number with the 
disturbance taken to be successively wave 
number three through six. In some cases the 
perturbation damped out completely, but in 
most cases a constant amplitude baroclinic 
wave appeared. 


a. Properties Associated with Baroclinic Instability 


The twelve different equilibrium solutions 
may be compared in terms of the levels of 
different forms of energy and the rates of con- 
version from one form into another. These 
quantities are given in tables [and III (see p. 174). 
Note that the disturbance disappears altogether 
when the disturbance was taken to be wave 
number six, and Ro} was 0.1 and 0.3. For these 
cases the equilibrium solution was as pecial type 
of pure Hadley regime in which the entire 
release of potential energy was through rising 
motion in low latitudes and sinking in high 
latitudes. 

If the expression for the rate of conversion 
of available potential into kinetic energy is 
substituted into equation (25), 


re ARTA RE he 


aT Cp Pot 


Since $ is equal to zero in the equilibrium 
solutions, the static stability itself is directly 
proportional to the rate of conversion of 
available potential to kinetic energy. The values 
of s in the equilibrium solutions, shown in table 
II (see p. 174), indicate that the maximum in‘ensi- 
ty of the energy cycle was associated with lower 
and lower wave numbers as the level of forced 
thermal Rossby number was increased. The 
available potential energy, on the other hand, 
was a minimum where the intensity was 
greatest. 

In figure 1 the ratio of the rate of conver- 
sion of eddy available potential energy into 
eddy kinetic energy to the total conversion of 
potential to kinetic energy is plotted. The 
diagram indicates that, while a pure Hadley 
regime appeared in only two cases, a remnant 
symmetric circulation is present in all the other 
cases as well. It is least important, however, 
when the energy cycle as measured by the 
static stability had its maximum for any given 
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Fig. 1. The percentage of the total release of potential 
energy. accomplished by the disturbances of different 
wave number. The plot is based on the solutions obtained 
at points indicated by dots. Note that the disturbances 
actually may have only integral wave numbers. A con- 
tinuous plot is used for more graphic representation. 


value of Ro;. It may appear surprising that 
the meridional circulation could persist at all 
in these cases. An explanation may lie in the 
fact that the constrained system lacks any 
mechanism by which the disturbance itself 
could have induced a three-cell circulation 
(Puitiips, 1954, Kuo, 1956). If this had been 
present the effect of the reverse cell in mid- 
latitudes might have more than canceled the 
energy released by the single Hadley cell. 
Many of the features of figure 1 could have 
been predicted from the many stability studies 
of planetary baroclinic currents initiated by 
CHARNEY (1947). In these investigations it has 
been found that for a given value of the static 
stability there is a critical wave length of 
maximum instability. As the static stability is 
increased this wave length becomes longer, 
and the minimum shear necessary to induce 
growth of perturbations on the zonal current 
becomes greater. The relationship between 
this theory and the intensity of the energy 
cycle was first pointed out by Lorenz (1954) 
in connection with the “dishpan” experiments. 
The mechanism is as follows: an increase in 
circulation intensity causes the static stability 
to rise as the more rapid vertical transport of 
heat cannot be fully offset by radiational cool- 
ing at the top of the system. This in turn 
means that both the critical wave length and 
the critical shear for baroclinic instability 
increase. For the most intense circulations all 
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wave lengths would be baroclinically stable 
and the zonally symmetric Hadley cell would 
be the only possible mechanism for the release 
of potential energy on a large scale. 

The available potential energy (table I a) of 
the system is a rough measure of the threshold 
baroclinicity required to sustain the release of 
potential energy. In terms of the level of forced 
temperature contrast the most intense circula- 
tions are those associated with the minimum 
available potential energy. In a system with 
more degrees of freedom this wave number 
would dominate. The shift in the maximum 
intensity from shorter to longer wave lengths 
with increasing forced thermal Rossby number 
reflects the mechanism outlined in the preced- 
ing paragraph. Apparently in the case of wave 
number six the necessary threshold baroclinic- 
ity needed to sustain the disturbance could 
not be maintained. It is difficult to draw 
definite conclusions about the disappearance 
of wave number six for Ro; equal to o.1. 
An examination of the model indicates that 
dissipation is much less for the Hadley regime 
than for the wave regime. This is principally 
due to the fact that there are no geostrophic 
winds in the lower layer in the case of the 
pure symmetric regime. This feature may 
strongly influence the system when the ther- 
mal driving is weak. 


b. Properties Related to Barotropic Stability 


A comparison of {A-K} and {4’- K’} to 
{K LR } in table III indicates that the exchange 
of kinetic energy between the disturbance and 
the mean flow plays a comparatively insignif- 
icant role quantitatively. Since this exchange 
is so important in the atmosphere, however, 
its behavior in these solutions is of interest. 

For all twelve cases the winds in the upper 
layer were strong westerlies with a maximum 
at mid-latitudes. In the lower layer the winds 
were much weaker and the winds in mid- 
latitudes were of opposite sign to those in 
low latitudes. With steady winds in a zone at 
the surface the effect of friction is to create 
a source or sink of angular momentum there 
for the system. The areas directly over surface 
sources or sinks of angular momentum must 
be regions of divergence or convergence of 
angular momentum respectively. Studies of 
the general circulation have shown that a 
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positive covariance over the whole mass of the 
atmosphere between westerly flow and the 
convergence of westerly angular momentum 
indicates a positive flow of kinetic energy from 
the disturbances to the zonal flow (Kuo, 
1950). 

In investigations of the stability of disturb- 
ances in a barotropic current (Kuo, 1949, 
1951) it was found that for average zonal wind 
distributions in the atmosphere both very 
long and very short waves were stable. Waves 
of intermediate synoptic scale showed a tend- 
ency to abstract kinetic energy from the 
zonal flow and amplify. For very sharp, jet- 
like zonal wind distributions all wave lengths 
showed a tendency to amplify and thereby act 
as a brake on the zonal current. The primary 
physical factors were found to be the varia- 
tion of the coriolis parameter and the lati- 
tudinal profile of the zonal current. Recent 
observational studies of general circulation 
have shown that in the exchange of kinetic 
energy with the zonal flow there are important 
differences of this type between scales of 
disturbances (SALTZMAN, 1958, ELIASEN, 1958). 

The disturbances in the constrained system 
were specified by two harmonics of the same 
wave number around the sphere, but different 
latitudinal profiles. In the absence of non- 
linear and possibly baroclinic effects there 
would be a continual dispersion since the two 
harmonics would not have exactly the same 
phase speed. In the actual solutions a difference 
in phase angle between the two harmonics 
arose which allowed the non-linear and/or 
baroclinic effects to exactly compensate any 
further tendency to disperse. For those cases in 
which the “beta” effect was predominant in 
determining the phase velocity, the distortion 
of the disturbance was such that the trough 
lines tilted SW—NE, and there was a positive 
flow of kinetic energy from the disturbance 
to the zonal flow. As indicated in table II 
these were the cases in which the wave length 
of the disturbance was long and the zonal flow 
relatively weak. 


7. Experiment II 


In experiment II the effect of a slow varia- 
tion of the forced temperature contrast was 
studied. The single baroclinic disturbance was 
taken to be wave number three and the forced 
temperature contrast was varied sinusoidally 
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over two periods of 108 rotations (days) each. 
Maximum and minimum values of Ro; were 
identical with the highest and lowest values 
used in experiment I. The friction and heating 
constants were one half those of experiment I. 
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The value of s* (see equation 8) may be inter- 
preted physically as an assumption that a 
slightly stable lapse rate would be established 
even without the presence of large scale 
motions. The ratio of this “forced” lapse rate 
and the horizontal forced temperature contrast 
between the equator and pole was taken to be 
one tenth. 

Contrary to what was expected, the fairly 
rapid change of the forced thermal Rossby 
number did not set up oscillations in the levels 
of various forms of energy in the system. 
Except for a slight lag, the system remained 
fairly near to equilibrium with the changing 
forced temperature contrast. The single dis- 
turbance slowly changed in amplitude so that 
the release of potential energy and frictional 
dissipation were closely balanced. As a result 
the solution reflected many of the features of 
the equilibrium states of experiment I. 

The speed of the zonal flow was closely tied 
to variations of Roy. As a result when Ro’ 
was low, the effect of beta dominated, and the 
phase velocity of the disturbance was negative. 
For higher values of the forced temperature 
contrast the disturbance tended to be carried 
along by the zonal current. The transition 


from a positive to a negative value of {K’ . K} 
coincided quite closely with the change from 
a negative to a positive phase velocity. One of 
the most interesting aspects of the solution 
was due to damping of the disturbance brought 
about by the increase of static stability during 
the period of maximum forced temperature 
contrast. When the contrast was low, the rate 
of release of potential energy by the Hadley 
cell was insignificant. As the contrast was 
increased, however, the disturbance first be- 
came more intense, but finally was stabilized 
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Fig. 2. Results of experiment II. a) the rate of trans- 
formation of zonal available potential energy to zonal 
kinetic energy and the rate of transformation of eddy 
available potential energy to eddy kinetic energy. b) the 
gross static stability and the available potential energy of 
the system. c) the amplitude of the harmonic representing 
the forced temperature distribution. The dimensions of 
the system are taken to be those of the earth’s atmosphere. 


by the great increase in the vertical temperature 
gradient. At this point the Hadley type of 
circulation became the dominant mode for the 
release of potential energy. Note in figure 2 
that the Hadley mode was much less efficient 
in terms of forced temperature contrast. As a 
result the combined release of potential energy 
tended to flatten out rather than rise to a 
peak when Ro; was at a maximum. 

The curve for s in figure 2 reflects this 
leveling off in the intensity of the energy cycle. 
The behavior of the total available potential 
energy was also interesting. While the wave 
regime was dominant, the rising static stability 
meant that the threshold baroclinicity also had 
to rise. In this particular case the rise of the 
baroclinicity and the static stability compen- 
sated each other in such a way that the IAE 
potential energy remained nearly constant. 
When the disturbance was damped, however, 
the baroclinicity jumped to a much higher 
value to permit a greater release of potential 
energy by the symmetric mode. This sudden 
rise is also reflected in A, since the static sta- 
bility, s, changes rather slowly. 


8. Conclusions 


In spite of its extreme simplicity many more 
numerical experiments would be required to 
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completely explore the properties of the con- 
strained system. In particular, solutions for a 
whole range of values of the heating and 
friction constants should be investigated. The 
most significant results of experiment I and II 
centered on two non-linear effects. First there 
was the distortion of the disturbance from 
symmetry along a north-south axis, which 
meant that it could exchange kinetic energy 
with the zonal flow.-The distortion was such 
that non-linear terms and/or baroclinic effects 
could exactly balance any tendency for the 
harmonic components of the disturbance to 
disperse. For weak zonal currents and low 
wave numbers the distortion was such that 
the trough lines had a SW—NE tilt, and 
there was a positive transfer of kinetic energy 
from the disturbance to the zonal flow. 
Secondly, the inclusion of a variable static 
stability led to a special pattern of response 
(see figure 1). For slow variations of the forced 
heating the static stability was approximately 
proportional to the intensity of the release of 
potential energy. The static stability therefore 
increased as the forced temperature contrast 
was increased, which in turn caused a shift 
of the most “baroclinically” unstable wave 
number to lower values. The extended nu- 
merical integration of experiment II illustrated 
how this mechanism brings about a change in 
the dominant mode of potential energy release. 
In this case the change over is accompanied by 
a sudden rise of the available potential energy 
which was necessary to provide the increased 
zonal shear to sustain the Hadley regime. 

In both experiments the tendency was very 
marked for the system to rapidly come into 
equilibrium with the forced temperature con- 
trast, and for fluctuations in the levels of various 
forms of energy to be rapidly damped. This is 
surprising in the light of results obtained by 
Lorenz (1958) for a simplified barotropic 
model. In an adiabatic system it seems likely 
that both the non-linear processes described 
above could under certain circumstances lead 
to important feed-back oscillations. Experi- 
ments must be carried out with lower values 
of the heating and friction coefficients to be 
sure that such oscillations have not been ex- 
cluded by the dominating effect of the linear 
non-adiabatic terms. 
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Table I. Levels of different forms of energy in 

the equilibrium solutions of experiment I. The 

units are 10°? ergs and the dimensions of the 
system are taken to be that of the earth’s 
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Table II. Values of s in degrees centigrade as- 
suming that p) is 1000 mb 


je ipo ai al ea M 
Wave Number 
0.3 125 110 69 52 
O2 PAR 93 62 44 
O.I 18 36 39 9 
Table III. Rates of energy conversion in the 


equilibrium solution of experiment I. (a) conver- 
sion of zonal available potential energy into 
zonal kinetic energy. (b) conversion of eddy 
available potential energy into eddy kinetic energy. 
(c) conversion of eddy kinetic energy into zonal 


atmosphere kinetic energy. The units are 1074 ergs per second 
Ro; | 3 | 4 | 5 | 6 Ro; 3 4 | 5 | 6 

Wave number Wave Number 

0.3 638 986 1 352 1 485 0.3 148 301 374 283 

0.2 441 404 739 890 0:7 40 75 133 171 

O.I 442 272 240 569 Or 18 13 14 2 

(a) Total Available Potential Energy (a) {4 ; K} 

0.3 282 507 637 648 Obs) 531 3383 32 ie) 

0.2 108 137 235 286 0.2 337 440 231 79 

0.1 58 36 40 81 O.I 76 179 189 0 
(b) Total Zonal Kinetic Energy (b) {Ar} 

0.3 18222 803 235 fe) o3 Se eh ae a ° 

0.2 592 839 525 251 22 U ant — 21 00 

O.I E87 234 252 fe) 0.1 4 1095 fo) fe) 
(c) Total Eddy Kinetic Energy (c) {kK RE 
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The Moving Flame Experiment 
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Abstract 


When a flame is rotated around the outside bottom rim of a cylindrical pan of water initially 
at rest, D. Fultz has observed that the fluid acquires a net vertical component of angular mo- 
mentum opposite to the rotation of the heat source. We have repeated this experiment in a 
cylindrical annulus in order to restrict the radial motions and have found that the same phenom- 
enon occurs. Using a simple model based on the latter experiment we investigate the mecha- 
nism by which a fluid can acquire and maintain this momentum, considering that friction is 
the only force which can exert a net torque about the vertical. 

The effects of the heat source are replaced by a forced temperature field which has sinusoidal 
variations in the circumferential direction and which rotates about the vertical axis at a constant 
rate. The correlation between vertical and horizontal velocity components in the equilibrium 
state has been computed from the linearized two-dimensional vorticity equation. It is shown 
that when the viscosity is small or when the speed of the heat source is large there is a convergence 
of horizontal momentum towards the center of the channel which is balanced by the viscous 
stress of the induced mean motion. The total momentum of the fluid is computed from the 
conservation principle and is found to vary inversely as the square root of the molecular 


viscosity and inversely as the 5/2 power of the speed of the heat source. 


I. Introduction 


In a recent unpublished report FULTZ (1956) 
describes an experiment in which a flame is 
rotated around the outside bottom rim of a 
cylindrical vessel filled with water. The ex- 
periment was stimulated by a question posed 
by Lord Kelvin in 1892 as to whether or 
not the fluid would acquire a net spin about 
a vertical axis as was originally suggested by 
Hazzey (1686). Fultz concludes that “... al- 
though no quantitative measurements have 
been made in the interior [of the fluid] it is 
practically certain that in the course of estab- 
lishing the motion from rest the total absolute 
angular momentum of the fluid increases in 
the anti-flame sense. Thus the mechanisms 

* This work was performed under the auspices of the 


Office of Naval Research and is Contribution No, 
(974) from the Woods Hole Oceanographic Institution. 
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involved must give rise to net torques during 
the establishment phase.” We have reproduced 
this qualitative experiment using a central core 
to confine the motion to a cylindrical annulus 
whose radial width was small enough to be 
completely covered by the bunsen flame and 
large compared to the vertical depth (2 cm) of 
the water. In this manner we were able to re- 
duce the radial convection which was pres- 
ent in the previously cited experiment and to de- 
termine whether the same phenomenon would 
occur in a flow which was approximately two- 
dimensional. When the flame was rotated at 
4 r.p.m. at a mean radius of 15 cm we generally 
observed that the dust particles in the water 
performed small horizontal oscillations along a 
concentric circle in response to the alternating 
solenoidal field induced by the rotating heat 


source. However, the mean position of the 


£76 


particles changed slowly with a rotation which 
was opposite to that of the flame. Marked 
deviations from this flow pattern were also 
observed, from an impulsive motion of the 
particles, to a regular rotary motion with im- 
perceptible oscillatory motion, to no net 
motion when the heating reached a stage 
where very intense ral convection occur- 
red. However, by observing the net displace- 
ment of paper markers placed on the surface 
and from permanganate tracers in the interior 
we have concluded that an average anti-flame 
rotation does exist in this geometry, whose 
order of magnitude was 0.1 % to 1.0 % of the 
rotation rate of the heat source, up to the point 
where boiling-like motions occur. This qualita- 
tive experiment encourages us to look at 
simple two-dimensional models in order to 
explain the following question. Considering 
that friction is the only force which can exert 
a net torque about the vertical axis, how can 
the fluid acquire and maintain a net angular 
momentum, and what determines its direc- 
tion? 


Il. The Theoretical Model 


The rectangular channel shown in Fig. 1 
represents an approximation to the geometry 
of a cylindrical annulus of large mean radius. 
The x-axis corresponds to the circumferential 
distance in the circular annulus, and by 
requiring that the motions be periodic in x we 
shall achieve a correspondence in the lateral 
boundary conditions. The width of the channel 
in the y-direction, corresponding to the radial 
width of the annulus, is taken to be large com- 
pared with the vertical depth H. In addition 
we consider a distribution of heat sources and 
sinks which moves in the - x-direction with 
uniform speed U, and which forces a density 
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Fig. 1. Schematic diagram of the theoretical model. The 
hypothesized heat sources and sinks move with speed 
U producing a neutrally stable temperature or density 
perturbation (e’). The sinusoidal variations of density 
with x and time induce a mean velocity in the fluid 


whose equilibrium profile u(z) is to be computed. 
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distribution which is a sinusoidal function of 
x and time f, but which is independent of y 
and z. The average horizontal momentum of 
the fluid in the equilibrium state will be 
determined, and this will correspond to the 
vertical component of angular momentum in 
the cylindrical geometry. Regarding the as- 
sumed forced density distribution it should be 
mentioned that in the experiments the tem- 
perature field does have variations of static 
stability and moreover cannot be divorced 
from the convective motions. However, the 
thermodynamics are secondary to the question 
at hand, since we should like to know how 
any thermal field can produce a net motion 
of the liquid perpendicular to the force of 
gravity. The model chosen is perhaps the 
simplest one to elucidate this phenomenon, and 
it does have a superficial resemblance to the 
differential temperature field produced by a 
moving flame. 

If the Navier-Stokes equations are accepted, 
then the only way in which an average hori- 
zontal motion can be maintained in Fig. 1 
is through a transport of momentum by the 
vertical (w’)and horizontal (u’) velocity per- 
turbations which are produced by the alter- 
nating solenoidal field. In the equilibrium state, 
which will be considered first, the vertical 
flux of horizontal momentum 


du(z 
v ae) ud 


dz (1) 


must be constant, where v is the viscosity and 
the single bar indicates an average value over 
a horizontal plane or over one wavelength, In 
this approximate statement of the momentum 
principle, as well as in what follows, we have 
used the Boussinesq approximation and neg- 
lected density variations except for the buoy- 
ancy force. Since u and w’u’ are zero at the 
top and bottom of the channel, a vertical inte- 
gration of (1), denoted by a second bar, gives 
the value of the constant as — w’u’. Con- 


sequently the total momentum of the fluid is 
proportional to 


+H/2 z 
= I 7 ae hr 
uf de [wi - wu )dz, 


-Hi2 -H/2 


(2) 
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II. Computation of the Correlation 


The correlation between w’ and u’ will be 
determined from the vorticity and continuity 
equations. Denoting the —y component of 


ta Ow’ du 
vorticity by 7 = ie ae these become: 
Ce < 
dn ge do 
— o = y2 5 
dt Lo ax 2 (3) 
ou Ow" 
= — = 0 
IX dZ 


Let the forced density perturbation 0’ be 


Q 


represented by the real part of do e+ 


where Ao is the amplitude and k the wave 
number. Then the vertical velocity may be 


represented by w’(x, z, t) = w(z) eer ers oe 
we assume a linear response. Although the 
establishment of a net momentum is a non- 
linear effect, it is assumed that the correlation 
between the velocity components is insignif- 
icantly modified by the mean flow it induces, 
and that this quantity may be computed from 
the linearized hydrodynamic equations. This 
will be a valid approximation if, as was the 
case in the experiments, the induced mean 
motion and the velocity perturbations are 
small compared to U. The range of validity 
may be inferred from the final results. The 
horizontal velocity perturbation as computed 
from the continuity equation is 


i dw(z) ik(x+ Ut) 


282,1)» e (4) 


and consequently the vertical transport of 
momentum. 1s 


27k 
rere dx Rew(z)eik@+U0). 
27 
oO 
| Ret dw eik(x+ Un) (s) 
dz 
asa I dw* 
or De Imw(z) rn (s) 


where Re denotes “real part”, Im denotes 
“imaginary part” and w*(2) is the complex 
conjugate of w(z). 
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When vw = a is substituted into the 
x 


linearized vorticity equation the following ex- 
pression for the vertical velocity is obtained: 


er REN eik(c+ Un) 
Cia | (IS) 


If the depth of the fluid is small compared 
with the horizontal scale of the motion 
(k/ < H-1) this reduces to the ordinary dif- 


ferential equation 


| SEAT gAo 
(eu 5) La w(z) = % BR 7) 


and we shall confine the discussion to this 
limiting case. Introducing the abbreviations 


z=Hö R=kRUH?v1 a=ihrN 
fe) Sean fe) (8) 
0 


into eq. (7) we obtain the following equation 
and boundary conditions for f(£): 


(iR) =: (9) 


The solution of (9), (10) is 
21Rf(C)= C2 -1/4+ 


cosh af 


o sinh «/2 


sinh « 
«(cosh a — 1) 


(11) 
Substituting this in (s) there results 


I gAe ee) 
en (© md) (12) 


ene 
wu = 


where 


sinh « cosh af ] 


«(cosh « - 1) ~ a sinh «/2 


sinh «*& 
; [> ~ sinh cred (13) 
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Since 6(- &) = - $(€) then ww= o and (2) 
becomes 
41/2 & 
qo i de f Henle 
v 
—1/2 -1/2 
1/2 14 
& 2 fgde k2 HA\ 2 fi ‘ 
nee el Oy) TT Im | EpfE)de 
oO 
It may be noted that the anti-symmetric 


form of &(£) implies that the net stress on 
the bottom and top surfaces are not only 
equal to each other but are also zero. The 
sign of the total momentum of the fluid 
depends upon the integral in (14), and although 
this may be evaluated exactly in terms of 
elementary functions it will be sufficient for 
our purposes to indicate the qualitative be- 
havior and the quantitative results in two 
limiting cases. When the viscosity is very large, 
or when R is small compared to unity, an 
expansion of &(£) in ascending powers of 
a leads to the result 


1/2 


Im | HE =2 KM TORS ss 


The case which is of greater interest to us is 
when R is much larger than unity. When we 
make the approximation |e’| > 1 the integral in 
(14) may be expanded in a power series in 
a~1, which leads to the following result: 


1/2 T 


Im f Cb(C)de = 


re en neue Ly 
12V2 4 5) 


The significant point to note is the change in 
sign of the integral, and the consequent reversal 
of the total momentum (14) as R increases 
from zero to values which are much greater 
than unity. By setting the right hand side of 
(15) equal to zero we estimate that this change 


Ul 


occurs when R = kH—— js of the order of 
Vv 


102. For values of R which are much larger 
than this (and when kH < ze). The average 
+ x momentum of the fluid as obtained from 


(14) and (15) is 
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IV. Discussion 


The quadratic dependency of the mean 
field (16) upon the buoyancy force is quite 
expected in view of the linear variation of the 
velocity perturbations with this force. How- 
ever, the quantity R, which represents the ratio 
of inertial and viscous forces and may be 
thought of as the characteristic Reynolds 
number, is of primary importance for the 
qualitative features of the flow. When the 
relative velocity of the density field and the 
ambient fluid is large so that R> 10? the 
fluid acquires a net motion opposite to that of 
the density field. The form of the velocity pro- 
file for this regime may also be obtained from 
(13) and we find that Im d(£)> - 2-1/2R TUE 
so that w’u’ is proportional to —¢ for | & | <1/. 
Therefore the mean velocity profile is para- 
bolic except for the boundary regions where 
u'(£) = 0. Consequently in the equilibrium 
state both the top and bottom surfaces exert 
no net stress on the fluid, while in the interior 
there is an upward transport of momentum 


(ww > 0) below the central level (£ = 0) 
and a downward transport of momentum 
above £ = 0, both of which are balanced by 
the viscous stress of the mean motion. It is 
noted that the transport is proportional to 
the square root of the viscosity while the total 
momentum varies as 1/2, In an ideal fluid 
without viscosity there would be no mean 
motion since there would be zero correlation 
between w’ and u’, whereas in a real fluid 
with very small viscosity the mean motion 
would be very large. 

Although the transient process has not been 
studied quantitatively the mechanism by which 
the liquid acquires the net momentum seems 
reasonably clear. Suppose the thermal field is 
slowly imposed on a fluid initially at rest. We 
infer from the conclusions of the preceding 
paragraph that for large Reynolds numbers 
the slowly varying velocity perturbations will 
be such as to produce a convergence of 
horizontal momentum towards the center of 
the channel. Since there is initially no mean 
field to balance this, the +x component of 
momentum will increase at the center of the 
channel at the expense of the fluid near the 
boundaries which will tend to move in the 
opposite direction. In so doing the fluid will 
exert a net stress on both boundaries in the 
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-x direction, thereby increasing the total 
+ x momentum of the fluid as it comes to 
equilibrium. 

In view of the fact that the phenomenon 
discussed here was used by Halley as an ex- 
planation of the atmosphere’s general circula- 
tion, it is of some interest to estimate the 
magnitude of the angular momentum pro- 
duced by the westward progression of the 
sun relative to the earth. Consider a 1 km 
depth which is alternatively heated and cooled 
by 1°C once a day, and assume that the induced 
horizontal motion is in a zonal direction on a 
latitude circle of radius 2 x 108 cm. Using the 
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molecular viscosity of air we find that R must 
be less than 3 xıo*° and that the angular 
momentum which is induced in the earth’s 
atmosphere by the diurnal heating of the sun 
corresponds to an eastward moving current 
whose order of magnitude is less than one 
centimeter per second. 
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Abstract 


On the basis of a comparison between the results so far obtained by the usual numerical 
methods in physical weather prediction and the graphical methods it is likely that certain 
defects in the present forecast methods are due to the Eulerian technique. The possibilities for 
the use of a quasi-Lagrangian technique are investigated, and it is found that such a technique is 
possible and becomes especially simple when combined with a space-smoothing which elimi- 
nates the shorter fast moving waves in the spectrum. The Lagrangian method of compu- 
tation is described in the barotropic case and also for a simplified two-parameter baroclinic 


model. 


I. Introduction 

The numerical method, which so far has 
been used in physical weather prediction, has 
been the Eulerian one. Only the graphical 
technique developed by Fyortorr (1952, 1955) 
is essentially Lagrangian. The author has 
together with HLYNUR SIGTRYGGSSON (1957) 
made a number of barotropic and semi-baro- 
clinic forecasts based on the theories developed 
by Fjortoft. With respect to the numerical 
procedure used in these forecasts we have, 
however, not deviated from the usual one, 
and the difference between our forecasts and 
the earlier time-integration of the simplified 
vorticity-equation consists mainly in the 
assumption that a field obtained through a 
space-smoothing of the initial height field has 
been assumed constant in time over several 
hours. 

The results of the barotropic forecasts, 
which could be compared with barotropic 

1 On leave from the Danish Meteorological Institute. 


forecasts computed without the smoothing 
technique, showed the result that the two 
methods were very closely of the same accuracy 
in the mean. An astonishing fact was, however, 
that even the more restricted method could in 
certain individual cases result in a better fore- 
cast as measured by correlation coefficients 
between observed and computed height 
changes and by the mean error over the fore- 
cast region. It is furthermore known that the 
models at present in use in numerical fore- 
casting show a too large development in the 
sense that the forecast change in the mean 
exceeds the observed change (BOLIN, 1956 
and Döös, 1956). This erroneous develop- 
ment is visible in the forecasts essentially as an 
exaggeration of the gradient in the height field, 
or in other words: the Highs are too high and 
the Lows too low. A part of the fictitious 
development in the first barotropic forecast 
is due to the application of the geostrophic 
assumption as for instance shown by SHUMAN 
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(1957). It may easily be shown that the mean 
production of vorticity in a non-divergent 
barotropic forecast over a closed region 
vanishes, while there in general exists a mean 
production, when the geostrophic assumption 
is applied. This latter production is due to 
the divergence of the geostrophic wind and is 
measured by the correlation between the 
(geostrophic) absolute vorticity and the merid- 
ional component of the horizontal wind. 
Consequently it is also found (Born, 1956) 
that the development is somewhat but not 
completely surpressed by the use of the 
balance equation. 

There may be found a number of reasons 
that the models at present in use contain char- 
acteristic defects. The most natural causes 
are probably found by pointing to a number 
of physical processes not yet included in 
the models. We should, however, also have 
in mind that the particular numerical methods 
used in the time-integration are not unim- 
portant. Several experiments have shown this 
(compare for instance KNIGHTING et al., 1957). 
The content of the barotropic theorem is 
simply that the circulation per unit area is 
conserved following the area during its motion 
in the fluid. This formulation of the baro- 
tropic theory is a Lagrangian one. However, 
when we compute the forecasts we make no 
efforts to follow the small areas initially 
occupying the space and represented by the 
grid-points. The vorticity in a grid-point rep- 
resents the circulation around a square with 
the side equal to As. when As is the grid- 
size. A number of investigations has shown 
that the region which initially is a square under- 
goes large deformations in the course of 
time (WELANDER, 1955). The greatest deforma- 
tion can of course be expected in the regions 
of saddle points, but also along a jet-stream 
with a large horizontal shear we find large 
deformations. In these regions and to some 
extent also in other regions there is a tendency 
to deform the initial rather regular pattern 
into the structure of elongated bands. This 
holds not only for the initial squares, but is 
also true for the isolines for absolute vorticity. 

When we make the barotropic and baroclinic 
forecasts by the use of the Eulerian technique 
it will be impossible to take the large defor- 
mations into account. The stretching is in 
some regions so large that the bands disappear 
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between the grid points, and the distribution 
of vorticity or any other parameter which 
carry the history of the flow is not at all or 
only very approximative caught by the grid- 
point values as computed by finite differences. 
We neglect therefore to some extent the 
deformation properties of the flow when 
computing with the Eulerian method. Now, 
it has been argued that this is not so im- 
portant for the following reason. Any time 
we construct or compute for instance the 
field of absolute vorticity we obtain a rather 
smoothed arrangement of the isolines. Con- 
sequently, it is argued, there is no tendency 
for these isolines to be arranged in bands, 
because we would then observe these bands 
on the weather maps. Answering this argu- 
ment we have to bear in mind that the net 
work of observing stations on the Northern 
Hemisphere and to an even larger extent on 
the Southern has such a small density in space 
that we can not represent phenomena which 
are on a scale smaller than, say, 1,000 to 1,500 
km. We are therefore bound to get a smooth 
picture. This does, however, not mean that 
we should neglect the deformation properties 
of the fields. It has been shown by FJÖRTOFT 
(1955) that the mutual deformation proper- 
ties of the height and temperature field in 
the atmosphere are in an integrated sense 
responsible for a net flow of amplitude 
squared in one or another direction of the 
energy spectrum. The practical experience 
with the graphical prognostic technique which 
is essentially Lagrangian has also shown that 
the displacements of isolines, which are ini- 
tially smoothed, ends up with “energy” on 
smaller scales. These smaller scale phenomena 
can in general also be verified. 

Investigations made by VEDERMAN and Hu- 
BERT (1957) have further shown that the abso- 
lute vorticity is not conserved during a non- 
divergent barotropic forecast. They find 
changes in absolute vorticity during a forecast 
which amount to about 40 % of the initial 
values in extreme cases and a change amount- 
ing to 15—20% is common. It is further 
observed that certain isolines completely dis- 
appear during the forecasts. This is not the 
case during a Lagrangian forecast. It seems 
therefore reasonable to try to develop a 
numerical technique which is closer to the 
Lagrangian, because the graphical technique 
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has not shown the fictitious development. There 
may, however, be one reason which partly 
explains the less strong rate of development 
which is shown by the graphical technique. 
This is the method which is used for the 
solution of the Poisson or Helmholz equation, 
which must be solved in order to obtain 
the height field from the vorticity field. 
The approximate solution obtained with the 
aid of Fjortoft’s method will give a consider- 
able underestimate of the amplitude of the 
large waves. This may at least act in the 
direction of decreasing the change on the 
longer scales (FJORTOFT, 1952). This may, 
incidentally, be an advantage, because the 
recent experiments with barotropic forecasts 
on a hemispheric basis has shown that the 
planetary waves are not at all well forecasted 
by our present methods (MARTIN, 1958). It 
has in fact been shown by numerical experi- 
ments at the Joint Numerical Weather Pre- 
diction Unit in Washington that a large im- 
provement in the hemispheric barotropic fore- 
casts is obtained by keeping the first four 
wave-numbers constant through the fore- 
casts. The space-smoothing technique as devel- 
oped by Fjortoft does essentially the same 
partly because of the technique used in the 
solution of the Poisson and Helmholz equa- 
tions where a considerable underestimate of 
the change in amplitude on the planetary 
scale is made, and partly because of the 
assumed time independence of the smoothed 
field. The barotropic case will because of its 
simplicity be treated first. 


2. The quasi-Lagrangian technique in the 
barotropic case 


The barotropic vorticity equation applied 
to an isobaric surface expresses simply that 
the absolute vorticity is conserved tan the 
path of a particle. This theorem is not explic- 
itly used in the Eulerian integration method, 
where we always compute the local change 
of vorticity, in this case, only due to hori- 
zontal advection of absolute vorticity. As 
mentioned in the introduction we shall try to 
devise a method, where we explicitly make 
use of the essence of the basic barotropic 
vorticity equation, i.e. that the absolute vor- 
ticity is conserved during the trajectory of 
the particle. 
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When we want to follow a particle during 
its motion in the isobaric surface, it is not 
evident that a rectangular grid is the most 
convenient to use, because the successive 
positions of the particle in general will run 
between the grid points. The relaxation 
methods which are used to the solution of 
the finite difference form of the second order 
differential equations are, however, well suited 
for the rectangular grid. We shall in the first 
instant try to arrange the numerical procedure 
in such a way that we can still use the relaxa- 
tion methods without major changes. This is 
obtained if we ask for the positions of the 
particles which after a certain time end up 
in the grid points of the rectangular grid. 

Let the Lagrangian coordinate be denoted 
(x, y). Let further the Lagrangian coordinates 
coincide with the Cartesian coordinates fort =o. 
These latter coordinates are denoted (a, b). 

The trajectory is then expressed by the two 
equations: 

dx d 
apes 7 =0 (1) 


We shall solve these equations by the Eule- 


rian method, i.e. 


Ox dy 
dt FOR ee (2) 


Provided we know v=v(x, y, f) the 
solutions of these equations will give us the 
coordinates for the particle which to t=T 
end up in a certain given point. The problems 
regarding the finite difference form of these 
equations and the boundary assumptions made 
for a and b shall not be considered here. A 
number of considerations in this respect have 
been made by Dyurtc and Wun-Nisrsen 
(1957). It suffices here to say that a number of 
experiments have resulted in the conclusion 
that the Eulerian solution of the equations 
will give the trajectory with a good accuracy, 
provided the time-integration not is extended 
too far. This is due to the fact that the initial 
grid is a rectangular grid, and that the trun- 
cation error in the computation of Vx and 
Vy in the beginning therefore is extremely 
small. Later, however, the initial rectangular 
grid is deformed to such an extent that the 
truncation error in the gradients of the coor- 
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dinate field will play a larger and larger role 
besides the truncation error which always 
exists, when the wind vector is computed 
from a height-field or from a stream function. 
It is worth while to notice that the truncation 
errors play a smaller role in these equations 

ecause only first order differences are nec- 
essary, and also because the scale is large of 
all quantities which enter the computations. 
It is further an advantage that the truncation 
errors enter in the coordinate fields (i.e. the 
positions of the particles) and not in the 
physical parameter (here: the absolute vortic- 
ity) which determine the dynamic develop- 
ment of the flow. 

By computing trajectories from the equa- 
tions (2) in a stationary field it was found 
that the truncation errors are quite small. 
A particle, which initially has a position on a 
certain isoline, should in a stationary field 
stay there. The tests show that it is very 
nearly so. 

Let us then to a time t= T consider the 
particles which are in the grid points of a 
rectangular grid. From the solutions of the 
equations (2) we will know the coordinates 
of these particles to t=o. The positions to 
t=o will in general not be in grid points. 
In the barotropic case we are then faced with 
the problem to determine the absolute vor- 
ticity for the particle which to t= T arrives 
in a grid point. We shall first compute the 
relative vorticity. 

Let now A, B, C and D to t=o be the posi- 
tions of the particles which to t=T occupy 
the grid points Ar, Br, Cr and Dr (see fig. 1). 
The trajectories are denoted AAr, BBr etc. 
Any trajectory can as a curve be characterized 
by the three parameters a, b and t where a 
and b are Lagrangian coordinates. A para- 
metric representation of a trajectory can there- 
fore be given in the form: 


x=x (a, b, 1), y= y (a, 4, 0) (3) 


Fig. 1. Schematic picture showing the initial positions 
A, B, C, and D of the particles, which to the time t= T 
arrive in the position A, Br, Crand Dy. 
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Let the coordinates for Ar, Br, Crand Dr be: 
Ar: (ar, br), Br: (ar + 6a, br), 

Cr: (ar + da, br +66), Dr: (ar, br + 6b). 


The particles which to t=T are on the line 
through Ar Br, are to f=o situated on the 
curve through AB. The parametric representa- 
tion for this curve is: 


x=x(a, br, 0), y=y(a, br, 0) 


The coordinates for A and B are especially: 


A: (x (ar, br, 0), y(ar, br, o)) 


B: (x(ar+0a, br, 0), y(ar+6a, br, 0) 


The infinitesimal vector AB is: 


Re OX dy 
AB = (ou 0) 


In a similar Way we obtain: 


a da 
= Ox dy 
Ba- - (u, 24) 


The coordinates of a particle are: 
6e (ab, 9) y (a5 by) 


The velocity for a particle is therefore: 
ix ay 
OF? Ob 


With these expressions we are now ready 
to compute the relative vorticity by the aid 
of the circulation thereon: 
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The circulation is: 


_ [2x 0x Che 
$v = (5 7) oa ( ; 2) 90 
fax ax dy oy 
+ (FF) ob (FF) 
-(F =) da - (7 à) da 
t Ja) rR t da] rR 
-( t a) ( t 1) 2 


ae ee 
~ a \ 9:96) " da \ at ab 

0 (0x 9x\ 9 ZEN 

a (Fae) 5 (22) sa 
_[,(% ey 
(os) (27) dadb 


If the flow is considered non-divergent, 
there will be no change in area, i.e. 


6A=da 6b=const. 


Consequently: 


It should be noted here that 


da OB dx Op 
Je BY =F 3 


The derivation has been given in details 
here, because the Lagrangian system seldom 
has been used in numerical forecasting. It 
has further been preferred to use a geometric 
representation instead of the formal derivation. 

In actual computations it is necessary to 
use a certain wind-approximation. We shall 
in the following suppose that a stream function 
or a quasi-stream function has been computed 
from either the complete form or a simplified 
form of the balance equation. This stream 
function will be denoted y=y(x, y, #). 
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3. On the application of space-smoothing 
in the barotropic case 


As mentioned in the preceding section we 
want at first to keep the relaxation methods 
essentially unchanged. We must therefore find 
the initial positions of the particles, which 
after a certain fixed time T end up in the 
grid points of our rectangular grid. Further, 
in view of the results obtained earlier by the 
use of constant space-smoothed fields, and in 
order to keep the numerical computations 
rather simple, we shall first outline a method, 
where the trajectory method can be combined 
with the space-smoothing technique. The use 
of this procedure will simplify the computa- 
tions and will probably not decrease the 
accuracy of the forecasts very much. 

In the earlier experiments it was in the 
barotropic case considered necessary to neglect 
certain variations of the Coriolis parameter in 
order to obtain the most simple forecasting 
equation, containing only one Jacobian. We 
shall in this case define a smoothing operator 
which is slightly different, but avoids the 
difficulties with the variable Coriolis param- 
eter. 

The barotropic vorticity equation is in the 
non-divergent case: 


a 


= =J(n, y), n=veotf (s) 


Let us define an Operator: 
yO = p+— 9 (6) 
an 


When (6) is introduced in (5) we obtain: 


dË + 

= JG y) (7) 
or 

REN Se k (N) 

are Vy, VON) =k x vy 


which is equivalent to: 


de Su van (8) 


(8) says that the absolute vorticity is conserved 
in the velocity field determined by the smooth- 
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ed field. The smoothing operator (6) can in 
finite differences be written: 


As}? I 
(N) — AS om a 
Er ta = vel) 
or 
As)? 
(pres pe ips se 
os. Le ce di 


where ay has been written &n/(4s)?, «x being 
a parameter, which determine the smoothing. 
The last term has a zonal distribution only 
depending on f and corresponds to the J(@)- 
function used by Fyortorr (1952). The term 
is easily computed when f is known in the 
grid points. 

It is probably worth while to point out that 
although small the effect from the last term 
should not be neglected, because it is system- 
atic. The isolines for the term have a pure 
zonal distribution with a high value on the 
North Pole and zero at the Equator and 
represents therefore an anticyclonic circulation 
around the pole. The strength of this circula- 
tion is measured by the wind in this circum- 
polar anticyclonic vortex. The wind is 


aa de AN (As)? 2Q 
i dy N Ai R-an 


COS ® 


For a value of As=600 km and an=4 we 
obtain up~1I.5 m sec! in middle latitudes. 
The author has earlier investigated a smooth- 
ing operator defined by the two first terms 
of the expression for y(N). A value an=4 is 
generally used and represents an optimum 
value in the sense that x) <4 gives amplifica- 
tion on certain wavelength. For later use in 
this paper it is interesting to investigate the 
effect of different values of wy. Assuming a 
Fourier expansion 
ex) oy, 
ar (£+2) 


UE Deine 


we get for the reduction factor A for the differ- 
ent wavelengths: 


A 
A-(1-4) + co: on 
ON aN À 


where it has been assumed that A, Pu A 
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Fig. 2. Curves showing the degree of smoothing as a 

function of wavelength for different values of the con- 

stant xy,=in the smoothing operator. The full curve with 

open circles corresponds tow, =4, with black circles to 

&y=6. The dashed curve corresponds to «,=8 and the 
full curve without marks to «%,=I6. 


Fig. 2 gives A as a function of wavelength 
for different values of an. 

When py) now is assumed constant in time 
for some hours, we need not to recompute 
the stream function in every time step. We 
can then integrate the trajectory equations in 
the following form: 


er ALI Ke D) 


pg = Vow I + 2At](y, pr) 


The computations can be performed using 
these equations until we have the positions of 
the particles to a time t=T (T~12 hours). 
We know then the initial positions of the 
particles which to t= T occupy the grid points. 
Equation (4) is not directly suited for the 
Ox 
— and 


at 


computation of the vorticity, because 


= are not explicitly known. We get, however, 


an expression for the relative vorticity, when 


we eliminate = and by the aid of the 
dt dt 
equations: 
DER eae 
etz (x, 9), Er = J(y, ¥) 
We obtain: 


Je 9, x) +I w) ») 


When this expression is evaluated we obtain 
the following formula for ¢: 
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LAN AA CES", ax 0x dy | Py | (3) (2) ] nes 
. (5) = (5) an Zr ab * aa ab | 02061 04/0 22) ale 
Ox 0x dy dy Ax dx dy dy | dy i: Fe ax pe Py dy Px dx dy A dy (o) 
E Bb 04 Bb dant da dad da lob ob? da db? da dadb db Aadb Ab | Aa 


This rather complicated expression is easily 
transformed into finite differences, if only 
the values of y are known in the initial posi- 
tions of the particles. These positions will in 
general be between the grid points, but an 
interpolation between the known initial values 
in the grid points will probably be sufficient. 
This interpolation can be performed in the 
following way: Let us for simplicity denote 
the grid size by 1, and let P=(p, q) (see fig. 3) 


N I 


I 


Fig. 3. The points and notations used in the interpolation 
of the streamfunction. 


be the point in which we want an interpolated 
value of the stream function. One finds then 
easily that: 


yp=(1-p)(ı-qyırpli-qyu+ 
+ pqyın + (1 - p)qyiv (10) 


The complicated expression (9) needs to 
be used only every time we are forced to 
solve for the stream function either because 
we no longer can assume that the smoothed 
value is quasi-constant in time, or because the 
deformation in the coordinate fields x (a, 
b, t) and y (a, b, t) has been so great that the 
finite difference form of (9) will give too 
great values for the truncation errors. 

It is interesting to note that (9) is always an 
elliptic expression if wy is considered as the 
unknown, because: 


CROIRE 


en E dy oy Al 7 E dy ax Al ae 


da db da ab da db Ob Oa 


This property is unimportant in the present 
formulation of the problem, but will be im- 
portant, if we want to follow the particles 
which initially occupy the grid points. In 
this case we will have to solve (9) for y with 
the left side equal to £o+fo -f. 

The computation of the relative vorticity 
from (9) may of course be replaced by a 


direct evaluation of J (& x) +J (& ”) if 
this is more convenient from the computa- 
tional point of view. 

The steps in a numerical integration of 
the system put forward in this paragraph 
would follow the scheme: 


1. The stream function is found. 

. Smoothing of the stream function by the 
aid of (6). 

. Evaluation of x" and y" keeping yM 
constant in time. This process is continued 
up to approximately T=12 hours. 

4. Interpolation, using expression (10). 

5. Evaluation of the initial relative vorticity 

Zo using (0) 

6. Computation of fy —f 

7. Solution of v®yT=L&,+fo-f 
Next, the steps are repeated from step 2. 


i) 


Les) 


4. Boundary conditions in the Lagrangian 

integrations 

Special problems appear concerning the 
boundary conditions in the cases treated in 
section 3. A number of experiments regarding 
the boundary conditions in the trajectory 
problem has been performed by Djuric and 
the author. Other experiments are reported by 
BENTON (1957). The best results were obtained 
by Benton in the cases when the boundary 
values were computed using an extrapolation 
from the values inside the region. If this 
system is adopted, one should have the same 
boundary conditions for y, x and y. If we, 
however, use the first system, in which yp is 
kept constant on the boundary, we need 
boundary conditions for x and y, which are 
in consistence with the one for y. The most 
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convenient conditions are probably those 
proposed by Benton. 


5. The general barotropic case 


In section 3 we have taken advantage of 
the assumed constancy of the space-smoothed 
field. By this assumption we could keep 
track of the individual particle which ended 
up in the grid points by computing “back- 
wards” in the constant field and obtained in 
this way the knowledge of the relative vor- 
ticity after the time T in the points of the 
rectangular grid. This procedure cannot be 
directly transformed into the general baro- 
tropic case, when we do not use the space- 
smoothing. It should be noted that the method 
in section 3 is only quasi-Lagrangian in the 
time interval T. When a new period is started, 
we do not follow the same particles any 
longer, but ask then for the positions of the 
particle which after the next period arrive 
in the grid points. 

A more general, but also more complicated 
numerical scheme can be arranged, when we 
give up the smoothing technique and the 
“backward” computation. We try in this 
case to follow the particles, which initially 
are situated in the grid points. Initially we 
can therefore compute the relative vorticity 
by the usual finite approximation formula. 
The different steps in the general time step 
may then be the following: 

1. The displacement is computed from the 
following equations: 


pcb PEM CART (yy, x") 
En 2sodle.y) 


2. The Coriolis parameter f**! in the point 
(xt*1, yT+1) is computed. 


3. The relative vorticity in the new position is 
computed: 
ÊT+I = Ce Fiat 
4. The field y**! is computed by solving 
the equation: 


ES7 


This equation is closely connected with (0), 
only are the signs of the different terms 
changed, because the formula now appears 
by developing the expression 


TERRES 


x ) £ 
and er and = has changed sign. 


5. The next time step is then started from 
step I. 


It is obvious that this system will work 
rather slow because the solution of the equation 
in step 4 for y will be rather complicated. 
The equation is, however, as mentioned 
always elliptic, and a generalization of the 
usual relaxation method will most probably 
converge. 


When the boundary conditions are treated 
in a way similar to the one discussed in the 
last section we will after a number of time 
steps end up with the information of the posi- 
tion of the particles and the corresponding 
values of the stream function. The stream 
function value must then be plotted in the 
point of position of the particle and the 
resulting map has to be analysed as a usual 
meteorological chart, when the points of 
position act as the sounding stations. 


It is not necessary to recompute the height 
field, when the forecast is finished. The wind 
values in which we are mostly interested can 
be computed directly from the stream function. 
It is naturally important that the regions of 
interest are removed sufficiently from the 
initial boundaries in order to be sure that the 
final forecast will cover the region, and also 
such that the region of interest because of 
boundary errors are in some distance of the 
final boundaries. 


Jy 


L(G) + (34) Te 


aw 


dy ox dx eer | dy 
~ “Lda 0b 9a ab 


dadb 


+61 


d*y dy 


Px ox Py dy Px ax dy | 
à aA 36’ Da? ab dad da dadb da 
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6. The baroclinic case 


It is essential for the application of the 
methods outlined in the preceding sections 
that a conservation theorem forms the basis 
for the time integration, and it has further 
been used that the horizontal flow can be 
assumed non-divergent. The baroclinic case 
may be treated in a similar way if we can 
formulate the prognostic equations as con- 
servation theorems. 


We shall in the following derive a two 
parameter model, which physically is equi- 
valent to the greatest part of the models 
which have been used in numerical forecasting. 
The essence of this model was given by Fjor- 
toft on the conference on numerical fore- 
casting in Stockholm, June 1957. The treat- 
ment given here will be somewhat more 
general in one respect. It was assumed by 
Fjortoft that the same smoothing operator 
with the same value for the parameter xn 
(eq. 7) could be used for the space-smoothing 
of the height field and the thermal field. It is, 
however, not a priori given that it is the 
same scale which we want to eliminate in 
the two fields. Unfortunately, there exist no 
detailed investigations of the spectral distri- 
bution of the kinetic energy on different 
pressure-levels in the atmosphere, and especially 
of the flow of energy from one scale to 
another. Kuo (1953) has from perturbation 
theory shown that the smaller scales will 
dominate at the lower levels, while the 
larger scales will occupy the higher levels 
in the troposphere. This distribution coincides 
with the general synoptic experience, al- 
though one should be careful with the con- 
clusions, because our knowledge of the flow 
at higher levels is still limited because of the 
sparsity of data at these levels. The larger 
scale is obviously the one which is represented 
most accurately on our maps for 300 and 200 
mb, while the density of the surface observa- 
tions makes it possible to represent also the 
smaller scales. Until more information is 
obtained regarding this question it seems 
reasonable to keep the possibility open, that 
different scales should be removed from the 
height field for the mid-tropospheric level 
and the thermal field. If Kuo’s results can be 
applied, the thermal field will contain the 
smaller scales, because it in the model is 
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obtained as a difference between the height 
fields at a high and a low level. 


It has been shown by THOMPSON (1956) 
and is inherent in the SAwYER-BusHBy model 
(1953) that the vertical velocity has a zero point 
approximately at the level where the hori- 
zontal wind assumes its maximum value close 
to the tropopause. We shall adopt these results 
and assume as boundary conditions that w = 0 
for p=1,000 mb and p=200 mb, the 200 mb 
level being the level where the horizontal 
wind most likely has the maximum. 


We shall denote the levels in the following 
way: The pressure levels 200, 400, 600, 800 
and 1,000 mb will be denoted by subscripts 
0, I, 2, 3, and 4. The vertical boundary condi- 
tions are then: 


Do=0 and RR) 
The vorticity equation shall be applied in the 
following simplified form: 


(12) 


where the vertical advection of vorticity and 
the “twisting” term has been neglected, and 
further the absolute vorticity has been approxi- 
mated by the Coriolis parameter when it 
appears undifferentiated. These neglections 
and approximations are consistent with each 
other, when certain integral constraints have 
to be satisfied (WrIN-NIELSEN, 1959). 
We shall further apply the adiabatic equa- 
tion: 
à ne eee a 


= -V Vo — 


FR Me ei: ap (1) 


and the hydrostatic equation: 


(14) 


The adiabatic equation (13) can by the aid 
of (14) be written in the following form: 


2 (ap 9b 
Arab 


0 n O 
= =o (15) 
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If we now further introduce a geostrophic 
stream function! y by the two relations: 


we can write (15) in the form: 


2 [dy dy x m0 
Ge)" (5) nn 
which is the form in which we will use the 
adiabatic equation. 

The vorticity equation (12) is applied at 
the levels r and 3 and vertical derivatives are 
approximated by finite differences: 


fa Va a P (18) 


(19) 


The adiabatic equation is applied at level 2. 
We use here 


2 Vs Vi _ 
dp ye 


= - where yr=y, — y (20) 


and obtain: 


OYT f 
UT a ve-vyr=k So, (m) 
where 
P2 2ln® 


The quantity k is closely related to the 
vertical stability and will in accordance with 
the approximations used in most baroclinic 
models be assumed quasi-constant. 

The velocity v, in the horizontal advection 
term in (21) can be replaced by either v, 


1 The two relations (16) are not consistent with each 
other which can be seen by differentiating the first rela- 
tion partially with respect to pressure and taking the 
horizontal Laplace-operator by the second. The incon- 
sistency is not considered important. 
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or v; if it in consistency with our evaluation 
of vertical derivatives is assumed that 
V2=— (v1 + Vs) 


(23) 


D | H 


We get then: 


Vo° WD Na . VYT 
and 


V5 NT — Vigra 


We may therefore write equation (21) in 
the following form: 


d, fr) dsfwr\ _f 

(=F) > (24) 
where 

NE 

A ae! CES pe 


The equation (24) may now be combined 
with (18) and (19), respectively, and we get: 


d d 
Mn) End) cn 


Again, in accordance with our assumptions 
about the vertical variation of the horizontal 
wind we can write: 


The equations (25) are now the two con- 
servation theorems which expresses that the 
quantities A and B as defined above are indi- 
vidually conserved in the horizontal flow at 
the levels 1 and 3, respectively. We may 
shortly write: 


d,A 9A 
PRESS 1 VAIO (26) 
d,B 9B 
ac ae vB=o (27) 
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The development at the two levels 1 and 3 
is coupled through the close relationship 
between the two quantities A and B. It will 
in the numerical integration of the equations 
(26) and (27) be most convenient to use the 
flow at the level 2, determined through the 
stream function y, and the flow in the ther- 
mal field characterised through the stream 
function pr as the two parameters, which 
carry the history of the flow. 


7. On the application of smoothing in the 
baroclinic case 


The introduction of smoothing may in 
the baroclinic case be performed in a way 
analogous to the barotropic case. As men- 
tioned in section 6 we shall keep the 
possibility open to apply different smooth- 
ing parameters on the two fields y, and yr. 

Provided that the thermal field yz contains 
more energy on a smaller scale than the field 
y, it is most convenient to define the smooth- 
ing operators by the following expressions: 


(N) = Na 
dater (28) 
and 
C 
vn? = pr + — (29) 


&n has the same meaning as before, while c 
is an arbitrary positive constant. 

The introduction of the smoothing opera- 
tors (28) and (29) into the forecasting equations 
(26) and (27) is demonstrated below for (26). 
We write (26) in the following form: 

oA I 
Era (A ee vr) = 


I LA 
=]( A, y+ -— vr+— 
J( with pré A) 


when t, is an arbitrary parameter to be deter- 
mined later. When the expression for A is 
substituted into the last term of the second 
component of the Jacobian we obtain: 


OA ‘et 
1a + (Et) vs 


2 


tA I t4 if ta 
le 
N an-€ 2an 2an kan 
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The parameter f4 is then determined in such 
a way that the coefficient to Cr becomes 
Zeromlie: 


The local change of A can with this value of 
t4 be written: 


JA CONES (es = (N) 
u a e 
(4 ne 6 kan+ :) = 


er 
3 RAS ARE 
kay+2 kan—k, "2 


Denoting now: 


and 


we can then write the formula above as: 


JA a 2 31 
28 a rer) 
€ aN 


Noting now that 


J(A, B) =J(A, A+B) =2 J (A, na) 


we can also write: 
—=J(A, y+ quo —r Es Bye 0) 
ot 4) di an * 


(30) expresses that the quantity À is individ- 
ually conserved in the field: 


- I 
ys? a qu? RD 


an 


With the usual assumption that wy) and 
yy are varying so slowly in time that this 
variation can be neglected for some hours 
the only rapid varying term in the advection 
field is the last one. 

The second forecasting equation (27) assumes 
the following form, when a derivation sim- 
ilar to the one demonstrated above is per- 
formed: 


OB I 
vie (2, Wr XA) (31) 
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The equations (30) and (31) form the basis 
for the forecasts. The simplicity of the equa- 
tions make them extremely convenient, if an 
Eulerian procedure can be used. In that case 
it is only necessary to solve the different 
equations once in the time-period T, in which 
ys” and yw can be assumed constant. If, 
however, a quasi-Lagrangian system should 
be used the procedure becomes more compli- 
cated. A possible numerical scheme for the 
integration is given below. 


1. The fields yS” and y are computed, and 
ye? +qyr and ys” — qyare formed. 


2. Initially A and B can be computed from 
the finite difference expressions and the 
two advection fields can be computed. 


3. Two coordinate sets (x,, y,) and (x3, ys) 
are introduced. In the general time step 
the changes in the coordinates are com- 
puted from the formula: 


h ; I 
athens todd] (x, yy? + gp — LB) 
N 


and the formulas analogous to this one. 


4. The next problem is to compute the values 
SE Ar and Bett in the points {x 2 pt) 
and (x%+1, yt*1), because these values have 
to be used to correct the two advection 
fields in the grid points. The fields A and B 


are, however, of such a large scale, because 


T 3 
they contain the term = that an inter- 


polation directly between the grid points 
probably is sufficiently accurate. If this 
should not be the case, an interpolation in 


the fields y += yr and Y -< wr must 


be made, and a procedure similar to the 
one outlined in section 3 has to be used. 


5. The advection fields are corrected by add- 
ing the term 


- (B* — B"*!) to the upper field and the term 
AN 

<a (A* — A™*) to the lower field 

an 


6. If the time T is not used, the computation 
is started from step 3 again and repeated 
up to the time T. When this time is used, 
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we have the values of A and B in the grid 
points. In order to compute the correspond- 
ing stream functions we have to solve 
the two simultaneous equations: 


I, LUE 
Pepe tftsvyr- f= 


V2, +f- vpr+ TB 


Adding and subtracting the two equations, 
we get: 


vep=-(A+B)-f 


I 
2 


(32) 


2 
v®yr- vr=,(4-B) (33) 


These equations may then be solved by the 
usual relaxation methods. 

It has been found convenient not at this 
stage to complicate the derivations by the 
additional problems which arise, when the 
formulae will be applied to actual computa- 
tions. Finite differences have only been in- 
troduced at a few places, when necessary, 
and no attention has been paid to the map- 
magnification factor. It will, however, be 
illustrating to compute the numerical values 
in the baroclinic formulae in order to see 
that they have a convenient order of magni- 
tude. 


9 In © 


The vertical stability o= - « has in 


the standard atmosphere a value of approxi- 
mately 1.88 m? t-1 cb!. With this value the 
parameter k takes the value k = 30,08 x 1010 m?. 

INT 0 
AN (As)? 6 x 10 
km=6x105 m. When we finally put c= 
=¢,/(As)?, ¢ =2 we obtain for the two con- 
stants which determine the smoothed advec- 
tion fields 


m-?, when As ~ 600 


q~ 0.36 
and 
10.40 


a&y =6 and c,=2 mean that a wave with the 
wavelength L=2,400 km is smoothed com- 
pletely in the field y,, while the most effec- 
tive smoothing in the thermal field appears 
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on a wavelength L=1,800 km. The practical 
application of the quasi-Lagrangian method 
will give information about the most appro- 
priate values for ay and cı. 

The finite difference form of the quantities 


I I ; ; 
— A and — B are given by the following 
AN AN é 
expressions, where again the map-magnifica- 
tion factor is neglected: 


a 3 (As)? a 
ae 5 VWs + 5 Hi 
PERS: 
as 4 nk = 


(As)? 
Le 2 ae 
20N “a ank ai 
: : (As)? 
The numerical value of the coefficient : 
N 


se : I 
is with the value above approximately —. 


It is further of interest to find the numerical 
value of the coefficient to yr in the Helmholz 
equation in (33), when this equation is brought 
on the finite difference form. We get then: 


As)? A-B 
viyr— 24) wr = (As)? 


With the values mentioned above we obtain 
2(As)? . 

TE 724 a value which assures us that 
the convergence of the relaxation for equation 
(33) will be rather fast. 

Finally, it should be mentioned that a com- 
putational scheme corresponding to the one 
in section 5 has not been constructed for the 
baroclinic case, when no smoothing is applied. 
The procedure becomes somewhat complicated 
in this case and it remains to be seen whether 
the technique will give any improvement in 
the barotropic case. 


8. On the influence of the space smoothing on 
the phase speed of simple harmonic waves 


The extensive use which has been made 


of the graphical technique in physical weather 
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prediction in the last years makes it interesting 
to investigate in which way the speed of the 
atmospheric waves is influenced by the assumed. 
constancy in time of the space-smoothed field. 
In the following we shall try to deal with 
this question in the barotropic case for cer- 
tain simple flow-patterns. 

In section 3 it was shown that the baro- 
tropic vorticity equation 

0 

oJ (m n= Vp tf 


(34) 


exactly may be replaced by the equation 


ae 


ey) (35) 


Al 
na an 
aN 


(34) will have solutions of the form 


y (x, y, = —Uy+Asink (x-c) (36) 
when c=U-ß/k?, and B=0f/dy is considered 
as a constant. 

It is the purpose in the following to investi- 
gate the solutions to (35) and especially to see 
which difference there exists between those 
solutions and the solutions (36) for different 
values of the wave number k when the space- 
smoothed flow py) is kept constant over a 
certain time interval. 

For this purpose we need first to compute 
the space-smoothed flow. We shall not at 
this moment be concerned with the differences 
which are introduced because of finite differ- 
ence operations. With this in mind we obtain 
from (36) 


vn x)= -(u-£) ys 


an 


2 


+A(: -=) sin k(x —ct)+const. (37) 


an 


In the derivation of (37) we have treated the 
Coriolis parameter as f=f*+ fy, where f* 
and ß are assumed to be constants. 

Suppose further that an=k?, where k, is a 
certain wave-number. The displacement field 
is then 


yo = yp (x, 2 0) = © (u-£) y+ 


2 
+A (: -à) sin kx 
1 
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The procedure which will be used in the 
following is similar to the one which is used 
in the practical application of Fjortoft’s meth- 
od. The displacement field yM is used to 
find the approximate trajectories. We know 
then the position (x, y) of the particles which 
to f=0 is situated in a certain point (x9, yo). In 
the next step we use the condition that the 
absolute vorticity is approximately conserved 
along the computed trajectory, and we know 
therefore also the distribution of absolute vor- 
ticity to this time. From this knowledge we 
will be able to compute the streamfunction 
by solving a Poisson equation. 

The first step is to compute the trajectories 
in the field (38). The analytic expressions for 
the trajectories is obtained as solutions to the 
two equations: 


dx _ w_u_f 


pare = Ra (39) 


dy 


+ - V™=kA (: - a) coskx (40) 


The solution to (39) is 
Kexgtät (41) 
while (40) has the solution: 


2 


fay Sea à) f cos k(x) +ct)dt (42) 
Yo ki 0 


which leads to 


T= Vo +2 (: 4 {sin kx - sin k(x - cıt)} 
(43) 


The next step is then to equate the absolute 
vorticity which to t=0 is situated in the point 
(xg, Yo) to the absolute vorticity which to 
t=t is in the point (x, y). This condition is ex- 
pressed in the equation 


v2p®-+f= (V2) +fo 


which leads to 


(44) 


vip = — kA sin k(x — ct) — 


2 

a (: - sin kx + 28 (1 sin k(x - qt) 
1 1 

| (45) 
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Apart from a possible linear function in y we 
can directly integrate (45) and obtain: 


a | ) sin k(x — ct) + 


+ ae E - a sin kx 
1 


(46) 


From the solution (46) we notice first that 
if k=k, we obtain the correct solution because 
in this case we have 


p* =A sin k(x — at) (47) 


which coincide with the x-dependent part of 
(36) for k=k.. 

Next, we notice that the solution also be- 
comes correct if the wave number coincide 
with the one corresponding to the stationary 
wave, ie. k=k, when k, satisfy the relation 


k,=(B/U)* (48) 


For this choice of k we obtain 


aaa lsal- 


and (46) reduces to 


wr eA Sin kx (49) 

For all wave numbers different from k, and 
k, we will not obtain a correct solution. In 
order to obtain measures of the error introduced 
by the assumption py’) (x, y, t) =y™ (x, y, 0) 
we shall for convenience introduce the nota- 


tion 
re -à) 
a= EC: R 


The expression (46) may then be written 


(50) 


p* = A(1 —a) sin k(x-cf) + Aa sin kx (51) 


By the aid of ordinary trigonometric for- 
mulae (51) may be written in the form 


(52) 


y*=R:A:sin k(x -ut) 
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Table I 
L km | 3.000 | 4.000 | 5.000 | 6.000 | 7.000 | 8.000 | 9.000 | 10.000 | 12.000 | 14.000 
R | 0.92 | 0.88 | 0.89 | 0.93 | 1.00 | 1.07 | I-15 | 1.24 | 1.43 | 1.55 
m sec! | 16.8 | 14:0 | 9.5 | 4-5 | 0.4 Le 4.9 | — 10.4 ji 15.9 | — 27.2 | — 39-5 
m sec 1 | 164 | 13.6 | 10.0 | 5.6 | 0.4 erste leer | — 20.0 | — 37.6 Be 


The expressions for R(t) and u(t) are given 
by 

R(t) =[(1—2a +24?) + 2a(z — a) cos kart]? (53) 
and 
(1-a)sinkat 
+(1-a) cos ke, t 


tg (wk, t) = 5 (54) 


To a certain fixed time, which in the following 
numerical computations is put equal to 12 
hours, R measures the error in the amplitude, 
while u, according to (52) gives the apparent 
phase-speed. A comparison between u and c 
will show the error in phase-speed. 

Table I contains numerical values for R, u 
and c as a function of wave length. The values 
in the table are computed for L,=2,400 km, 
Kerl Ü=20 m secs wand Bersxkıest 
m1 sec-1l, corresponding to 45° N. u and c 
are expressed in the unit: m sec-1, while R 
is non-dimensional. 

It is seen from table I that the error in 
amplitude is at most 12% for L=4,000 km 
for the waves with a wavelength between 
2,400 km and the stationary wavelength. For 
these waves it is also seen that the difference 
between u and c is numerically smaller than 
0.5 m sec! However, when we consider 
waves with a wavelength larger than the statio- 
nary one, we observe that the errors in ampli- 
tude may become quite large. With regard 
to the apparent phase speed we observe also 
quite large differences. The general tendency 
is, however, that the negative values of u 
are numerically smaller than the values of c. 
This means that the retrogression of the 
longer waves will be smaller in Fjortoft’s 
method than the computed retrogression in a 
numerical integration of the barotropic vor- 
ticity equation. 

The fast retrogression of the long waves 
predicted by the barotropic theory is, however, 


not observed in the.atmosphere. We should 
therefore not be too concerned with the large 
values of R and the large difference between u 
and c, which appears for L>L,. Different 
“stop-gap” methods has been suggested to 
correct empirically for the large errors due 
to the retrogression of these planetary waves 
(WOLFF, 1958). 

For values of L < L, we find that the errors 
due to the main assumption y =yg” are rather 
small, especially with regard to the phase-speed. 
Although the present elementary computa- 
tion does not allow nonlinear interactions, 
because U is constant, and because we only 
consider simple sinusoidal waves, it still shows 
that the results of integrations, performed 
with Fjortoft’s methods probably will be of 
about the same accuracy as a time-integration 
as they usually are performed on an electronic 
computer. Earlier comparisons (FJoRTOFT, 
1956 and SIGTRYGGSSON and Wun-NIELSEN, 
1957) have in fact shown a close correspond- 
ence between such different integrations. 

The considerations in the preceding sections 
have assumed that the smoothed field was 
computed using the differential form of the 
smoothing operator. In actual practice this is 
not the case. On the other hand, y™) is com- 
puted using a formula of the form: 


ts 


a (55) 


5 I 
po) = y nn Vey + 
aN 


In order to investigate which effects this 
fact may introduce in the computations we 
shall consider a case where the assumption y 
=" is exactly fulfilled. We consider a 
streamfunction 


(x, y, t) = - Uy + 
+ A, sin k, (x — cit) + A, sin kx 


with k,=(B/U)}. 


(56) 
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For «y= 2 and ines gel we find that 
4 


2k, 


the smoothed streamfunction becomes 


= (u a 8) y+ 
+ À, cos k,As sin k,x + RU 


“= 


(56) 


which is independent of time. Denoting c* = 


As? 
=U- GE B we find as before the trajectories 


in the smoothed field from the equations 


dx 

3. =, Rex tet (57) 
dis V™ = —*. sin (2k,As) cos k:x (58) 
dt : 2As = AE 


where VV also has been computed by finite 
differences in the usual way. The integration 
of (58) leads to 


ak ; 
Ÿ = Yo == AA sin (2k, As) 


- [sin kx — sin k, (x — c*- t)| 


(59) 


We may now again integrate the equation 
corresponding to (44), and we obtain in this 
case: 


viw* = — kA, sin kixo - kA, sin kxo + 
+ B(yo- 7) (60) 


This equation has a solution which apart 
from a linear function in y may be written: 


P 


ue A, sin k, (x — | ur 2e As 
| | ne 
sin (2k,As) À, sin k;x + A, | 1 IR 


- sin (4.4) sin k,(x — c*t) (61) 


In the comparison between the solution (61) 
and the exact solution (56) we notice: 
Tellus XI (1959), 2 
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1. Because of the finite differences we get a 
wave-speed 


2 
eau, (62) 
which shall be compared with 


os (pi em 


From (62) and (63) it is seen that 


c* 


AC (64) 
indicating that the wave-speed is too small due 
to finite differences. 

The percentual error for different values of 
U and for a value of 6 corresponding to 45° N 


is given in table II below. 


Table II 
OI ner 10 | 20 | 30 | 40 | 50 
er 
“=~. 100 % 7.5 59 ZU 1.5 12 
1 


2. From (61) we notice further that a wave 
with wave number k, but moving with the 
speed c* is introduced. The amplitude of this 
wave is, however, in most cases considerably 
smaller than the amplitude of the stationary 
wave. The ratio R4 between the two ampli- 
tudes, measured in per cent, is given in table III 
for different values of U. 

Table III gives at the same time the amount 
with which the amplitude of the stationary 
wave is decreased in the forecasts. 


Table III 
U msec} Io | 20 | 30 | 40 | 50 
rR, |8% | 5% | 3%) 2% | 2% 


The considerations mentioned above shows 
that only small errors are introduced because 
of the finite differences. We have therefore 
been justified in the application of the differ- 
ential formulae in the first parts of this 
section. 


9. Conclusions 


It has been shown that a quasi-Lagrangian 
technique can be used in the models at present 
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most commonly used in operational numerical 
forecasting. The procedure becomes extremely 
simple when combined with the space-smooth- 
ing technique. 

An advantage of the method is that it assures 
us that the properties of the fluid which should 
be conservative also remain so during the 
forecast within the accuracy of the finite 
difference approximation used, and further the 
method assures that the deformation properties 
of the flow are taken intonsideration in a 
better way than in an Eulerian technique. 

The possibilities of the technique need to be 
investigated by application to practical cases 
which also have been treated with the usual 
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numerical technique. Numerical interations 
using a system which in many respects is 
similar to the one outlined here is being 
prepared by Mr. Okland at the Norwegian 
Weather Service, Oslo (oral communication). 
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A Theoretical Power-Law for the Size Distribution 


of Small Particles or Drops falling through the Atmosphere 


By PIERRE WELANDER, Institute of Theoretical Physics, University of Stockholm, 


and International Meteorological Institute in Stockholm 


(Manuscript received September 19, 1958) 


Abstract 


A theoretical study is made of the size distribution of small particles or drops in the atmosphere 
as produced by vertical motion and coalescence. It is demonstrated that a power-law distri- 
bution is a possible solution both in the time-dependent case, when conditions are assumed 
to be spatially homogeneous, and in the steady state case. The theory is in special applied to 
cloud droplets falling and coalescing under the effect of gravity and Stokes friction. In this 
case it is found that the frequency distribution falls off as r-? in the time-dependent case and as 
r~* in the steady state case, r being the radius. A comparison with observed size distributions of 
droplets in the range 20—80 microns given by WEICKMANN and AUFM KAMPE indicate that, 
on an average, the r—®*-distribution and the r~%-distribution are reasonable approximations for 
fair weather cumulus clouds and for cumulus congestus- and cumulonimbus clouds, respec- 
tively. In the time-dependent case the theory predicts that the concentration of droplets of a 
given size should change inversely to a linear function of time. After a definite time T, infinite 
concentrations are reached and the model breaks down. This characteristic growth time is in- 
versely proportional to the initial concentration of particles. For the mean concentration of 
cloud droplets given by Weickmann and aufm Kampe, T takes on values of the order 150 


seconds, assuming that only droplets which differ in radii less than 10 times coalesce. 


1. The basic equation 


Consider a distribution of particles or drops 
in the atmosphere having the frequency distri- 
bution n(m, z,t). n(m, z,t) Am should then 
give the number of particles per unit volume 
having a mass between m and m+ Am, at a 
height z and at a time f. The distribution is 
assumed to change in time due to falling and 
coalescence. The total change of nAm is given 
by the equation 


dn on on LA 
im Am + w(m) 5, Am = 
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-if fx [+ (m) + r(mg)]? Em, mg) (il: 


m<m+m <m+4m 
(m, m2) n (m) n(m2) dm, dm, — 


CO 


7 fr Ir (m) + r(m)]? E(m,, m) |v; - 


- (m,, m)n(m,) n (m) dm, Am (1) 


Here r is the radius of a particle, E is the 
collection efficiency (the fraction of particles 
on colliding paths that coalesce), v, is the rela- 
tive speed between two colliding particles, 
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averaged over all occurring directions, and w 
is the fall velocity. A and w depend on the 
mass of the particle considered, E and », 
are assumed to depend on the masses of the 
two colliding particles. 

Equation (r) is arrived at in the following 
way. Consider a particle of mass m, moving 
at a velocity v,. In a time dt this particle 
sweeps a cylinder of volume arjv,dt, and 
will then, on an average, coalesce with 
E (my, m2) su? vin(m2) dmodt particles in the 
range m, to m; + dm. The number of particles 
of the first kind n(m,) dm, produce thus, in the 
time dt, E (m,, m,) art vin(m;) n(m2) dm, dmAdt 
new particles in such collisions. The total posi- 
tive gain of particles to the range m to m + Am 
is obtained by integrating the last expression over 
all collisions for which m, + m, lies in this range. 
The above reasoning gives the correct order 
of magnitude, but it is not quite exact. To 
be correct one should replace the factor arjv, 
by z(r, + r,)?|v,|, since a collision between two 
molecules of radii r, and rg occurs, in the 
present model, as soon as the distance between 
their centres is smaller than r, + rg, and since it 
is the average relative velocity of the colliding 
molecules rather than the absolute velocity v, 
that determines the number of collisions. Fi- 
nally, the integral should be divided by 2, since 
each collision situation is counted twice, as can 
be seen by interchanging m, and my. 

The negative contribution of particles to the 
range m to m + Am is obtained by integrating a 
similar expression as derived above, considering 


m,=m 


Fig. 1. Integration range in the coalescence integral. 
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the collisions between particles in the range 
m to m + Am and the other particles outside 
that range. The difference between the re- 
sulting two coalescence integrals .constitutes 
the total change in nm) Am as made up 


by local change = Am dt and fall-velocity ad- 


vection w- z Am dt. Dividing this equation by 


dt gives finally the form (1). 

One may transform equation (1) by putting 
m,=m-m, in the double integral and re- 
placing the integration element dm,dm, by 
the element dm, Am (Fig. 1). After division 
by Am one obtains then 


lm) = 
2° ji 3 [r(m) + r(m — m)] E(m, m- m): 
een. 
: fs Es) = r(m)]2.E (om, m) (m, m) 


-n(m,) n(m) dm, (1a) 
This equation is of the same type as the coales- 
cence equation studied earlier by MELzAK 
(1953) and HIRSCHFELD (1957). 

In the following we make the specific 
assumption regarding the function E(m,,m,) 


I 
E, when e < — <— 
m 
Em; m) (2) 
m 
o when —<sor>- 
Mo € 


This means that all droplets on colliding 
paths coalesce unless the mass-ratio (smaller 
mass to larger) is less than e, in which 
case no coalescences occur (one may assume 
that very small particles approaching a larger 
particle simply follow the air flow around the 
latter one and thus become deviated out from 
their collision paths). In reality conditions seem 
to be somewhat more complicated and there 
may be a decrease in E also for particles of 
almost equal size. However, for the purpose 
of the present investigation we will be satis- 
fied to use (2). 
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For r, w and |v,| we write 
ra” Ovi 
w= —C,m* (3) 


Ir (m1, my) = Cg Im} - m;| 


where C,, C,, C3 are constant and a, b are 
pure numbers. The assumption that w and v, 
vary with a power of the mass seems to apply 
to most cases of interest. 


2. The time-dependent case 
It is assumed that the conditions do not 


À on : A 
vary over the vertical so that —=o in equation 
OZ 


(ra). Attempting a solution of the form 

n= N(t) m“ (4) 
where & is a pure number, one finds after 
insertion of (2) and (3) and by introducing 


; L | m 
the new integration variable x=— that the 
m 


equation may be written on the form 
dN 


à {m**°+3. E C2C,1}N? (s) 


I+€ 


-x*(1 — x)%dx — fe — 1)2 |x® - 1|x*dx (6) 


I has a value which only depends on the 
numbers e, b and «. 

One must now require that the expression 
in the right hand side of (s) is independent 
of m. This condition determines directly the 


exponent Os 
& ( ser (7) 


Equation (s) can now be solved to give N: 


with 
k — Ev aC? G, If 
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NG 
No 


0,5 1,0 


Fig. 2. Concentration of particles of given size as a func- 


tion of time. The time unit is a - 

kN, 

N is thus found to vary inversely linear with 
the time. To sustain the increase of N there 
occurs, of course, a mass flux through the 
spectrum from the small size end to the large 
size end. After a finite time interval 


I 

T kN, (9) 
which value is inversely proportional to the 
initial concentration, the distribution will 
break down since N takes on infinite values 
(see Fig. 2). In reality the break-down cannot 
of course occur, since only a limited mass is 
available. It is seen, however, that the time T 
is only a little larger than the time needed to 
increase N by a factor of, say, 10 or 100, 
and so T may represent with good approxi- 
mation a real growth-time. How much N 
actually increases in a real situation depends, 
of course, on the available mass of the smallest 
particles. It should perhaps be pointed out 
that the violent increase in the concentration 
when approaching the time t=T is entirely 
due to including in the model a cascade 
coalescence process where all particles interact 
mutually. Such a result is not found in linear 
models, such as the one studied by TELFORD 


(1955). 
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3. The steady state 
on , 
In the steady state case we put zen 
equation (1a). Inserting (2) and (3) and at- 
tempting a solution of the form 


n=N(z) m“ (10) 
gives this time 
dN @-a+b+2 CiCs T2 
= tr ies DENT (QT) 


where I is again given by (6). 

In this case the condition that the expression 
on the right hand side should be independent 
of m leads to the exponent value 


(12) 


ee) = 
3 


The solution for N is then 


I I 
Ny NE Re =. 26) (13) 
with 
CAG, 
k, = Bot on If 


The concentration varies here inversely linear 
with the height, and increases downwards. In 
analogy with the previous case one may define 
a characteristic growth-distance 

I 


Dee 


EN, (14) 


which varies inversely proportional to the in- 
itial concentration. 
In applying the model it should be kept 


in mind. 
4. Application to cloud droplets 


As a specific application of the previous 
theory we study the case of a cloud droplet 
spectrum. It is generally assumed that the 
smallest droplets grow mainly by condensation. 
At a size of, say, 10 à 20 microns one may, 
however, expect that the coalescence process 
becomes important. Assuming that coalescence 
occurs only due to the variation of fall-velocity 
with the drop size we may put |v;| (m,, me) = 
=|w(m 4) —w(m,)|. The fall-velocity w is de- 
termined by balancing the gravity force and 
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Stokes friction: 


(15) 


Here 7 is the coefficient of viscosity for air 
and g is the acceleration of gravity. This 
law could be applied to droplets of radii up 
to 60 A 80 microns without too large errors. 
Using the values given above one finds 


Gnmwr = mg 


cafes 
3 
Later 
Ca sn 
ee 
Be, 


where o is the density of a droplet. Inserting 
the values o=1 g/cm’, g=10° cm/s? and 7 = 
1.7. 10-4 gcm/s one finds 


Ciie.0:62 
Cy= Cy, = §.0- 108 


With the values of a and b given by (16) 


one finds «= es in the time-dependent case 
3 


and Mee => dae the steady state case. The 


corresponding power-laws for the frequency 
distribution of the radii are r-® and 1-3, 
respectively. 

This result may be compared with observed 
cloud droplets spectra in the range 20—80 
microns, where coalescence processes are ex- 
pected to be important. In Fig. 3 the theo- 
retical power-laws have been compared with 
some mean droplet spectra reported by WEICK- 
MANN and AUFM KAMPE (1953). 

It is seen that the r5-law is a fairly good 
approximation to the mean droplet spectrum 
found in fair weather cumulus clouds, while 
the r-%-law could fit the mean spectra found in 
cumulus congestus and cumulonimbus clouds. 
It seems, of course, reasonable that the tran- 
sient model leading to the r-3-law should 
apply best to the “young” clouds and the 
steady state model to the “older” clouds. 

One must, however, be careful not to claim 
too much from this comparison. The spectra 
given by WEICKMANN and AUFM KAMPE are 
obtained by averaging both in space and time, 
and this averaging procedure may certainly 
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10! radius 
in microns 


80 


20 40 60 


Fig. 3. Observed mean droplet spectra in fair-weather 

cumulus (o-0-0-), in cumulus congestus (---), and in 

cumulonimbus (--:-:-: ) after Weickmann and aufm 

Kampe, compared with theoretical r—? andr—®-laws (—) 

The theoretical curves may be displaced in the direction 
of the n-axis. 


distort the spectrum form. Also, it is difficult 
to separate the coalescence effect from the 
condensation effect which occur at the small 
size end of the spectrum (10—30 microns). 

To see whether the theory can give a coales- 
cence growth of the droplets in a reasonable 
time a numerical computation of T may be 
of interest. We assume that the total number 


of droplets having a radius larger than 5 


microns is 300 per cm~%, this corresponds to 
the figure given by WEICKMANN and AUFM 
Kampe for fair weather cumulus. Integrating 


(4) with ds over all sizes larger than 5 


microns one may determine No, its value 
becomes 1.6‘ fo 5% Cm With regard 
to the collection efficiency we assume ¢ = 1073, 
E,=1. This means that all droplets on collid- 
ing paths that differ in radii less than 10 
times coalesce. With the values of b and « 
given, I depends only on &, its value may be 
computed using the asymptotic formula 

tee (17) 
which is valid for sufficiently small &. With 
the numerical values of Ey; Ci,2C zs and I 
the constant kin (8) takes on the value 4.2: 107 


g— #3 cm? s-1, The valuefor T is about 150 sec- 


onds. The value will not depend very critically 
on €. Increasing € to 10”? gives a value of about 
70 seconds, decreasing ¢ to 1074 a value of 
about 300 seconds. As seen from (17) I goes 
to infinity when & goes to zero, and so the 
growth time becomes zero. This result is of 
course unrealistic. In the model the power- 
law is assumed to hold even for the infi- 
nitely small droplets, which will take over 
the whole contribution when & goes to 
zero. In reality this cannot occur since the 
distribution curve falls off again for the 
very small drops. When the mass-range over 
which the collection efficiency has finite values 
is of the same order or smaller than the mass- 
range over which a single power-law can 
be expected to give a good approximation 
the theory should anyway function all right. 
Luckily enough, it seems as if this case is also 
realized in practice. 
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Droplet Sampling in Cumulus Clouds 


By W. G. DURBIN, Meteorological Research Flight, Farnborough, Hants. 


(Manuscript received August 4, 1958) 


Abstract 


An analysis is made of 150 cloud droplet samples obtained by the impaction method in 
cumulus clouds varying in vertical depth from 750 to 7000 ft. 

From a consideration of the spectra relating numbers of droplets with droplet diameter, 
a mode diameter of about 8 u is found. A secondary mode diameter of about 15 y is in 
evidence in some clouds. In the main numbers of droplets are between 100 and 300 per cm? 
but extreme values of about 20 and 1000 occur. 

Spectra relating water content with droplet diameter show that in clouds between about 
750 and 2500 ft thick the mode diameter is about 8 u, whereas in clouds between about 
4000 and 7000 ft thick the mode diameter is about 18 u. The highest value of water 


content found is about 5 g m$. 


Evidence is found that mean volume diameter tends to increase with height above cloud 
base and that high values of water content are due to larger droplets rather than to greater 


numbers of droplets per cm?. 


A droplet distribution formula given by Best is examined and the constants involved 
are found to depend on the largest size of droplet present. 


1. Introduction 


A method of sampling cloud droplets using 
magnesium oxide coated slides has been 
described by Mazur (1943). Results obtained 
using this method for sampling in stratocu- 
mulus clouds have been given by Frirx (1951). 
In this paper, which represents an extension 
of Frith’s work, results obtained from droplet 
sampling in cumulus clouds are presented 
and examined. The samples were taken on ten 
flights during the summer of 1951. 


2. Experimental Technique 


The instrument used for sampling the 
droplets was the same as that used and described 
by Frith. Briefly, it contains a slot into which 
a magnesium oxide coated glass slide can be 
fitted and a shutter mechanism which can 
expose the slide for a certain time interval. 
The impactor was pushed through an open 
window near the second pilot’s seat and, 


when flying through a suitable cloud, operation 
of the shutter would expose the slide to the 
droplets. The effect of the droplets striking 
the magnesium oxide layer is to cause small 
pits. After each flight the slides were micro- 
photographed and counts were made of the 
numbers of pits having diameters falling be- 
tween certain specified limits. 

The exposure interval of the instrument 
given by Frith was 0.010 sec but a subsequent 
calibration has given the value of 0.013 sec. 
Furthermore, the value used by Frith for the 
ratio of the diameter of a droplet to that of 
the pit made by it was 0.85. Subsequent 
evidence (LEVINE and KLEINKNECHT 1951) 
suggests that this figure should be 0.71. 
The values of 0.013 and 0.71 have been used 
for the exposure time and ratio of droplet 
diameter to pit diameter respectively in this 
report. 

The camera used to photograph the slides 
contained a graticule on which were a number 
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of circles of decreasing diameter so that a 
photograph of the graticule was superimposed 
on each droplet sample. After making allow- 
ance for the factor 0.71 referred to above, 
the droplet diameters corresponding to the 
series of graticule circles were 5.3, 7.5, 10.4, 
EA 027.451 29.95 42:1, 59.9; 84:0) and: 119 
microns. The droplets were counted by 
assessing the numbers which, as far as could 
be judged by eye, had approximately the 
same diameters as the graticule circles. The 
average number of droplets counted on all 
the samples was about 400, the largest being 
2,034 and the smallest 42. 

According to figures given by May (1945) 
and quoted by Frith, this type of impactor is 
100 per cent efficient in collecting droplets 
having diameters of 4.5 u and greater but the 
efficiency of catch falls off to 10 per cent for 
droplets having diameters as small as 1.5 u. 
The smallest size range used for droplet 
counting was 0—5.3 u so that for size ranges 
greater than this the counts can be considered 
reliable. For this particular range of diameters, 
however, it is probable that the droplet 
counts are underestimates but it is not easy 
to give a reliable figure for the average efficiency 
of catch within this range, because of the 
difficulty of distinguishing between droplets 
of different sizes. It is also not certain that 
May’s figures are correct, particularly since 
the smallest droplets on the samples showed no 
tendency to be deflected to the outside of the 
slide. Distribution of droplets of all sizes on 
all samples were quite random and the samples 
illustrated in Fig. 5 are typical. The efficiency 
of catch has therefore been taken as unity 
throughout the entire range of diameters. 
The effect of this on spectra involving water 
content will be negligible but there will be 
some, though in the opinion of the author, 
small, effect on the spectra involving numbers 
of droplets. 

The volume of air of which a droplet sample 
is representative is between 2 and 3 cm? 
so that any comparatively large droplets which 
occur in concentrations of less than about 2 
per cm? are not normally collected. Reliable 
counts of such droplets are therefore not 
available and are better obtained by a tech- 
nique such as that used by GarroD (1957). 
The effect of this on spectra involving droplet 
numbers will be negligible but the effect on 
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computed values of water content will be to 
lead to underestimates in some cases. 

The flights were made in cumulus clouds 
varying in vertical extent from about 750 
to 7,000 ft. In the thicker clouds samples were 
generally taken at height intervals of about 
1000 ft but in the thinner clouds the height 
interval was generally about roo ft and several 
samples were often taken at the same level. 
In all 150 samples were taken during the ten 
flights. 


3. Observations 


Summaries of the basic information available 
and of derived data, meaned for each flight 
are given in Table 2. The basic information 
is given in rows I—6 and the derived data are 
given in rows 7—18. The figures in Table 2 
are arranged with the flights in order of 
sampling thickness to facilitate investigating 
variations with cloud depth. The detailed 
basic information available included, for some 
samples, remarks relating to precipitation and 
estimates of visibility but these are not pre- 
sented in this report. A fuller account is given 
by DURBIN (1956). 


4. Results 


The results are treated in three main sec- 
tions: — 

a. A general statistical analysis and discus- 
sion of the droplet number and water content 
distributions obtained. 

b. The variation with height of the droplet 
diameters, numbers of droplets per cm? and 
water content in each cloud. 

c. The applicability of a formula given by 
Best to the size distributions obtained. 


a: I. Variation between samples. 


From the counts made of the numbers of 
droplets in the different categories for all the 
150 samples it was clear that there was little 
consistency between them. For example, in 
Flight 7, the results of which are given in 
Table 1, most samples contained droplets in 
category 6 (29.9 u), only 7 contained droplets 
in category 7 (42.1 y!) and only one contained 
droplets in category 8 (59.9 u). On the other 
hand one sample taken on this flight contained 
no droplets having diameters bigger than 
10.4 u. It was also apparent that samples 
taken within 100 ft or so of each other were 
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Table 1. Details of height, size, water content, temperature, and remarks for the samples taken 


on Flight 7 (24/9/51) 


Item No. 
I Sample Noms pre pr 78 79 80 81 82 83 84 85 86 87 88 
Pe Sampling height (ft)....... 2950 | 3100 | 3400 | 3400 | 3900 | 3400 | 4500 | 4500 | 4600 | 4600 | 5000 
3: IREMPETACULEH NE) rer — 150.0 |47.5 |47.3 145-7 |45-9 |43:5 |43-5 | 43.0 |43.0 | 42.0 
4 Total no. of drops counted...|469 |183 |13I |304 |442 |347 |133 42 58 |195 46 
5 Percentage no. of droplets in: 
(CLOSE cco oc 56111202 | 4.6) || 50.3) || (9.71 720) 110581822220 1462721 2320) 
(Caisson a(n) [Meee oon ok 39.9 | 29.9 | 29.8 | 34.5 | 26.0 | 25.9 |17.3 | 7.1 | 15.5 | 24.1 | 13.0 
Category? 3m (TOM lo temas 441 || 24.09) 32:8: | 78.521342 12729 213021 Whi) | 2408 7.7, 13:0 
Category ANTON) oe = 210 |2501| .5:931120.84 11953212483 123:82125. 0083 202320 
Category SACTArD)e er es, — 4.4 | Ged, |..0.7410,7:9,|, 8:35158:32540:52 120.74 | 23202385 
Category 10) (20:0) NEC EC — 0.5 | 0.8 | — TAT 11.0.9, 0.8 REA eae ete ETAT 222 
Cason AZ TU) NEC EEE 
Category sN(sO OU) ENTREE 0.2 
Categories 9 and 10: 
INiltowallsamplessarr. nr 
6 No. of droplets per cm°...... 207 Gg 64 |I45 |197 |173 62 19 29 89 20 
GE Mean droplet diameter (u) .| 6.5 | 10.1 | 11.3 | 7.2 | 11.3 | 10.7 | 11.0 | 18:2 | 13.1 | 9.1 | 129 
8. Mean volume diameter (u)..| 6.7 | 12.0 | 13.0 | 8.3 | 14.0 | 12.9 | 13.1 | 20.6 | 15.5 | 13.0 | 15.8 
9 WaterZcontent (2’m73)R 0.03| 0.07] 0.07| 0.04] 0.28] 0.18] 0.07| 0.09] 0.05| 0.II| 0.05 
10 Best’s constant “a” (u)..... 6.6,|19:5 | — -| 173.8 | — | 20.9 | 20.94) 27-59) 22:0: 1225 24.0 
II Best’s constant ‘“n’’ 10.0 | 3.8 | — 2.7 | — 3.0: RS ONE [7 3:7 
Remarks 
122 Precipitation reported!...... Ss h m = Ss S — 
106 Estimated visibility (yd).... 100 — — {200 |200 — 
14. Additional remarks......... w — w w — — w 
Item No 
I Sample Nor. re ee 89 90 gor 92 93 94 95 96 97 98 99 
a Sampling height (ft)........ 5100 | 5200 | 5550 | 5650 | 5950 | 6050 | 6200 | 6200 | 6700 | 6700 | 6800 
3: Temperaturen Een are 42.1 | 41.0 | 40.0 | 40.0 | 38.0 | 39.0 |38.5 |39.0 | 37.5 | 38.0 | 39.5 
4 Total no.ofdrops counted ...|178 1296 |217 |162 [274 76 1374 1282 OI 62> 1273 
5 Percentage no. of droplets in: 
Carte so an (Hs) Ns ee 0.6 | 28.7 | 34.6 | 14.8 |20.4 | 6.6 [11.813817 | 0.0 | 7.6 1710 
Catesoryazs CSN) en 8.4) 119.6 | 18:33") 6.87255 E72" | T2.681118:8 Voom ro. ON eons 
Category 3 (Ori) RENE 9.07 11255 | 105 79.91 12 AS xx 807 7 Pees es 4 EEE 
Category 4 (TA OP) RENE 28.745 | 19,8: 32:0] 14.2 126.341 214482212600 
Categorys5 (274/10) 00 tn 42-212 123.0 | 13.4 | 29.6 112.4 [22.0 | 40.0, | 11-3 135.2 30.20 3 
CategonyeO (20.9, U) nen TO.1 |) 4k | #23. | = 5.2 |, 3.0 1179.28 175.001 eer 1227 (Sc le 
Category 7424 Dee. TT 0.7 | — 1.2] 0.4 | — — — 3.3 FT IT 
CategoryEsr (59.9: 1) ants sole 
Categories 9 and 10: Nil for 
all samples Kay. tones 
6. No. of droplets per cm®...... 75 |130 Jıoı DIET 36 |178 |136 41 39 |129 
Oke Mean droplet diameter (u)..|18.4 |12.4 | 11.0 | 15.6 | 11.5 | 15.8 | 15.9 | 10.2 | 20.1 | 17.2 | 10.5 
8. Mean volume diameter (u)..|20.6 | 16.5 | 14.2 | 18.7 |15.0 | 18.5 | 18.5 | 13.5 | 23.4 | 21.1 | 16.3 
9. Water content (Game?) css. 0.37} 0.31} 0.15] 0.26) 0.23] 0.12] 0.59] 0.17] 0.27] 0.17] 0.29 
10. Best’s constant “a” ()..... 29.5 | 28.8 | 24.5 | 25.7 | 26.9 | 26.9 | 26.9 [240 | 33.9 | 29.6 | — | 
RU BEST Su constant. Aran an 4.4 |) 3:4 | 32 | 5.0) 3.3 | 4.97] 2m Re A IE 
Remarks 
12; Precipitation reported!...... — — — m m m — 
13. Estimated visibility (yd)....|200 |200 — |200 — |100 |roo [100 — — —- 
14. Additional remarks?........ — = it w — _— 


Note Dashes in item 5 are to be interpreted as “‘no droplets in the category. 
Dashes in items 12—14 indicate that no observations were made. 


Ss slieht, m. 
2w = wispy, t 


moderate, h = heavy. 
thick. 
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DROPLET SAMPLING IN CUMULUS CLOUDS 


not obviously related in their droplet distri- 
butions. This flight is typical of all ten flights 
and considered as a whole the droplet distri- 
butions from all flights show how greatly 
the droplet content of a cumuli-form cloud 
differs from point to point in both the hori- 
zontal and vertical. 

An attempt has been made to overcome the 
analytical difficulties which arise as a result of 
having a large number of samples to deal with 
by grouping them according to the flight on 
which they were taken and obtaining meaned 
values of the various parameters under con- 
sideration. These means are presented in Table 
2 and although they are not truly represen- 
tative of individual clouds they afford the 
best method of distinguishing between the 
droplet characteristics of clouds formed under 
different conditions of atmospheric stability. 


a: II. Droplet diameters above and below which 
ten per cent of the droplets, obtained as 
averages for each flight, remain. 

Rows 7 and 8 of Table 2 give values of the 
droplet diameters, meaned for each flight, 
below which are contained ten per cent and 
ninety per cent of the total number of droplets. 
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It will be seen that ten per cent of the droplets 
have diameters less than 3—6 u but ten per 
cent are also comprised of droplets having 
diameters greater than between about 9 and 
28 u. 


a: III. Spectra relating droplet diameter and 
droplet number. 


To examine the mean droplet spectra of 
these clouds it was first necessary to make the 
ranges appropriate to each size equal. This 
was done for each flight by finding the per- 
centage number of droplets within each cate- 
gory for the different samples, obtaining the 
mean percentage numbers for all the samples 
taken during the flight and dividing by the 
range of diameters bounding the category. 
The figures obtained are plotted in Fig. 1 (a) 
which shows “mean percentage number of 
droplets per unit diameter range’’ plotted 
against droplet diameter. The areas under the 
curves are equal and correspond numerically 
to 100 droplets. 

It will be seen from Fig. 1 (a) that there is a 
wide variation between the mean spectra for 
the different clouds sampled though in view 
of the small volume of each cloud in which 


Table 2. Composite table of basic and derived data 


Te TEU, IS hn. dy RER ER ren chord Or 3 6 4 5 8 7 Io 9 I 2 
2. De (CEO ee oer 17/7 | 17/9 | 24/7 | 25/7 | 26/9 | 24/9 | 26/9 | 26/9 | 19/6 | 26/6 
Br kowesasamplng Level (ft). 2... 2.0... 3300 | 5200 | 3450 | 3200 | 2050 | 2950 | 3980 | 3460 | 3900 | 5000 
Rarlichestsanpimerbevelitt)en 20.2 =i: 4050 | 6150 | 5400 | 5460 | 4560 | 6800 | 8850 | 8450 [10020/12000 
SN DE AM ee were. Me ee 750 | 950 | 1950 | 2260 | 2510 | 3850 | 4950 | 4990 | 6120 | 7000 
es Number ot Samples taken mare en. 16 21 10 14 17 22 22 12 9 i 
7. Diameter below which roper centof droplets 
OMAN) eme. els ee See Se es ea. 10 | 4:78:01 | Wy Salle AONE 7428 5.3 BHOH| 0:0, 65.7 
8. Diameter above which 10 per cent of drop- 
TELSSLEIN ANAL). ere ce 110 170-0808 | 918-3 fr 0 20.0) 28:0) 27,0) 74.5 
9. Modediameter of droplet number spectra (u)| 8.0] 8.5| 8.0] 7.5| 7.5] 7.5 |8-0(15)17-5(15)| 7-5] 9.0 
10. Diameter below which 10 per cent of total 
Wester BeMAaInS (ft) cp. © rec ee ee Bası 00 OMS OSS 0er ETS | 8:011728.0 
11. Diameter above which 10 per cent of total 
Watenpemains (HM). "RU se. 1101 47.0 |70:0)|077.5 10018255 |) 48.0|973.0/|,24.0.| 18.0 
12. Mode diameter of water content spectra („).| 8.0] 15.0] 7.5] 15.0] 7.5] 21.0] 15.0| 23.0] 10.0| 13.0 
RaMNo dot droplets (KH) Per (COIS hierar nn... 184 |173 |199 |259 [243 97.120552, 1191021344 1277. 
14. Mean droplet diameter (u).............. OF EELS ON ne oO 1m N 78,80 LOw |Z. 2) 770.7, 
15. Mean voiume drameter (er CCE CC 20737410.05.8.1028.6,075,0 11.3 .175.5 | 19.282459) .74.9 03.0 
ro Waterlleontent (ge MS). 05. gj... ae on || er an Kor or 0 0.8 sy | | Ko 
Bry. Best's danstant “a” (u)::..0.......... 121204100822 0122400862 010487110100) 17.0 
MSEC USEC OUSEAIIL ma Sa steno fo corte) oo Geht \) Gost |) Seoul Zils Ooh | 4:3 4.1 3.5 [emp ON. O 
19. No. of samples used to obtain values of “a” 
AN TN cores OO ae CAS ONE OG. DG) OR PERO CERO TC 10 5 9 14 16 18 15 9 6 7 


N ote Figures given in rows 7 to 18 are means of the values for the samples taken on each flight 
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it was possible to take samples this is not 
surprising. Considering the shapes of these 
curves it will be seen that they generally have a 
single maximum and a variable amount of 
positive skew but some have, or tend to have, 
a secondary maximum at a diameter greater 
than that of the primary one. 

The peaks of these curves are given in row 9 
of Table 2. It will be seen that each curve has a 
primary mode at about 8 y, irrespective of 
cloud depth. In two cases secondary maxima 
occur at about 15 y. It should be noted that 
although the secondary maxima tend to be 
more evident in the clouds of greatest depth 
this is not always so and presumably other 
factors as well as depth contribute to the nature 
of these spectra. 

On the whole there is a tendency for the 
curves for the thinner clouds to be narrower 
and to have higher peaks than those for the 
thicker clouds and it seems that the smallest 
droplet sizes are more frequent in the thinner 
clouds. This can be better illustrated by com- 
bining the flights into two groups 

(1) Flights 3, 6, 4, 5, and 8 which have 
sampling depths between about 750 and 2,500 
ft and 

(2) Flights 7, 10, 9, 1, and 2 which have 
sampling depths between 3,850 and 7,000 ft. 

The average distribution in these two groups 
is plotted in Fig. 2 (a) from which it will be 
seen that the mode diameter is about the same 
for the two groups of clouds, being about 8 u. 
It is of interest to note that significant numbers 
of droplets of at least 60 u diameter can exist 
on occasion in even the thinnest clouds, about 
0.1 per cent of the droplets having diameters 
greater than 60 u in clouds 750 to 2500 ft thick. 
When the cloud depth increases to between 
about 4000 and 7000 ft the proportion of these 
droplets also increases, about one per cent 
having diameters greater than about 60 u. These 
latter facts are not evident from Fig. 2 (a), 
however, due to the inconvenient scale at the 
larger diameters. 


a: IV. Analysis of computed values of water 
content. 

Knowing the airspeed at which a sample 
was taken, the area of the impactor slide which 
was photographed and the time of exposure 
of the slide to the droplets it is possible to 
compute values of water content. This was 
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Fig. 1. Mean spectra relating droplet diameters with (a) 
droplet numbers (b) water contents. 


done for all the 150 samples and the percent- 
ages within the different categories of the water 
contents for each sample were also computed. 
The figures obtained show some tendency for 
the samples taken in the lower part of a 
cloud to have higher percentages of water 
composed of small droplets and lower per- 
centages composed of large droplets than in 
the upper part of a cloud. 

In the same way as for the size-number 
analysis, cumulative mean water content 
curves were plotted. These are not reproduced 
but the droplet diameters below which are 
contained ten per cent and ninety per cent of 
the total water, meaned for each fight, are 
given to the nearest 0.5 u in rows 10 and 11 
of Table 2. It will be seen that ten per cent of 
the water is composed of droplets having 
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Fig. 2. Comparison of the mean spectra relating droplet 
diameter with (a) droplet numbers (b) water content 
for two groups of five cumulus clouds. 


diameters less than a value lying between 4 
and 16 u and ten per cent is composed of 
droplets having diameters greater than a value 
between 11 and 73 u. 

To examine the distribution of water con- 
tent with droplet diameter, values of “per- 
centage water content per unit diameterrange”, 
meaned for each flight, were computed in 
the same way as that described in para a: III. 
The figures obtained are plotted against 
droplet diameter in Fig. ı (b). Compared with 
Fig. ı (a), Fig. ı (b) throws greater emphasis 
on the effect of the large droplets compared 
with the small since the ordinate is propor- 
tional to the cube of the diameter. Plotted in 
this way the droplet diameter corresponding 
to maximum water content does not always 
show a well defined mode. 

Diameters corresponding to peak water 
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contents are given in row 12 of Table 2. 
These values are, in general, considerably 
larger than the mode diameters for the droplet 
number distributions. A comparison of the 
distribution of water content with droplet 
diameter for two groups of clouds, 750 to 
2500 ft thick and 3850 to 7000 ft thick has 
been made in the same way as for the droplet 
number analysis. The results, which are plotted 
in Fig. 2 (b), show that as the cloud depth 
increases the water content spectrum as a 
whole moves towards the larger droplet 
diameters, maxima occurring at about 8 u and 
18 u respectively. 


b. Relations between droplet parameters. 


Another method of investigating the physical 
properties of cloud droplets is to compute 
the following parameters: 

(rt) Mean droplet diameter (4) 

(2) Mean volume diameter, defined to be 
the diameter of a droplet which contains 
the mean of the total volume of water in the 
sample (x) 

(3) Num=: of droplets per cm? 

(4) Water coixent (g m-%) 
and to examine the manner in which these 
vary with height above cloud base and with 
each other. 

These parameters were computed for all 
the samples and the values, meaned for 
each cloud, are given in rows 13—15 of 
Table 2. The first part of the subsequent ana- 
lysis is devoted to a consideration of the varia- 
tions of these parameters with height. The 
variation of mean diameter and mean volume 
diameter are clearly in the same direction and 
differ only in magnitude. A detailed analysis 
of the two parameters separately is therefore 
unnecessary and in what follows only the 
variations with height of mean volume dia- 
meters are considered. Apart from numerical 
values the conclusions from this analysis may be 
considered to apply to both parameters. 


b: I. Variation of mean volume diameter with 
height. 

Fig. 3 shows graphs of mean volume dia- 
meter against height of sample for the ten 
flights. It is pointed out that it would only be 
possible to obtain a true indication of the 
vertical variation of any one of the above 
parameters if there were no variation in the : 
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horizontal or with time. It is largely a matter 
of chance whether a particular sample be 
taken in a thin or dense region of the cloud 
so that to obtain a representative indication 
of the variation with height it would be 
necessary to take a large number of samples 
at each level. This would enable mean values 
to be calculated for each level but the proce- 
dure is still not entirely satisfactory unless 
several aircraft take simultaneous samples at 
different heights. Also, one must be certain 
that all the samples have been taken in the 
same cloud. It is often possible with isolated 
large cumulus clouds to confine sampling to 
one cloud but not, as a rule, with small clouds. 
Furthermore, if the tops of the cumulus clouds 
vary, samples taken at the same level are 
possibly associated with cells in different stages 
of development. The sampling in any one 
cloud took about 30 minutes so that the curves 
cannot be regarded as representative of a 
particular stage of development. 

In Fig. 3 are plotted, for each flight, all 
the computed values of mean volume dia- 
meter against height. Pecked curves have 
been drawn visually through the points for 
eight of the ten flights and these give evi- 
dence of an increase in mean volume diameter 
with height. The points plotted for the re- 


maining two flights show no such tendency 
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and although this is understandable, due to 
the shallowness of the cloud, in the case of 
Flight 6 (Fig. 3 (f)) it is not clear why the 


tendency is not there for the points of Flight 9 
(Fig. 3 (j))- | 
Values of mean volume diameter were, in 
the main, found to vary from between 5 and 
10 4 near the bases of clouds to between 17 
and 27 u near the tops. There were larger 
values, however, and these are particularly 
noticeable among the points plotted for Flights 
9 and 10 during both of which precipitation 
was reported in the cloud. Values of mean 
volume diameter, meaned for each flight, are 
given in row 15 of Table 2. Fig. 5 shows a 
photograph of the sample in Flight 10 for 
which the mean volume diameter was 40.3 u. 
Figs. 3 (h), (j) and (k) represent plots of the 
values obtained from samples taken in the 
same area and general synoptic condition, 
those of Figs. 3 (h) and 3 (j) in the morning 
with a time interval of about one and a half 
hours and Fig. 3 (k) in the afternoon another 
three hours later. These three flights therefore 
give some indication of the development of 
the droplet sizes throughout a summer day 
with the cloud depth increasing from about 
2500 to 5000 ft and producing precipitation. 
Cloud top temperature on Flight 10 was —1.5°C 
and it seems likely that only the coalescence 
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Fig. 3. Variation of mean volume diameters with height above ground. 
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Fig. 4. Variation of water content with height above ground. (The full line curves represent theoretically 
computed adiabatic values.) 


and not the Bergeron mechanism was operating 
to produce the rainfall. 

In all these clouds values of mean volume 
diameter similar to those found near the top 
of the cloud were found in the lower regions. 
Furthermore, due presumably to factors of 
change with time and space and the general 
inhomogeneity of the cloud, there is a large 
scatter from any mean curves drawn through 
the values. 


b: II. Variation of water content with height. 


The same considerations as outlined for 
the analysis of mean volume diameters apply 
to water contents, the results of which are 
plotted in Fig. 4. Evidence of a systematic 
increase of water content with height is confi- 
ned to Flights 2 and 7, mean pecked curves 
having been drawn visually through the plotted 
points for these flights. For the remaining 
flights the evidence for such an increase is not 
pronounced and hardly exists at all for those 
clouds less than 2500 ft thick. However, the 
results from several flights show that the 
largest values of water content are often found 
near the top of the cloud even though there 
is not a systematic increase in the values from 
the base. 

Features of these clouds are the occurrence 
of local high values of water content almost 
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anywhere within them and in particular that 
comparatively large values can occur in thin 
clouds. 

Values of water content computed from 
the droplet samples taken in the five clouds 
which were less than 2500 ft thick usually 
varied between about 0.01 and 0.5 g m? but 
values up to 1.4 g m? also occurred. In the 
remaining clouds the water content values 
were mainly between about 0.1 and 1.0 g m"? 
but very much larger values were sometimes 
found. The highest value was 4.97 g m? and 
this occurred in the cloud examined during 
Flightoand in which precipitation was observed. 
Values of water content, meaned for each 
flight, are given in row 16 of Table 2. A sample 
having a water content of 4.86 g m? is illu- 
strated together with other typical droplet 
samples in Fig. 5. 

In order to see how the observed values of 
water content compare with the theoretical 
adiabatic values, the latter were computed 
using cloud base temperatures obtained either 
from the flight data or from the relevant Te- 
Phi-gram. The values are plotted as full line 
curves in Fig. 4 from which it will be seen 
that, on the whole, computed values of water 
content are greater than the observed values 
but this is not always so. For example, some 
of the observed values on Flights 9 and 10 
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Sample No. 100 

Mean volume diameter 7.16 microns 
No. of droplets per cc 203 

Water content 0.04 gm.mr® 


Sample No. 2 

Mean volume diameter 11.62 microns 
No. of droplets per cc 397 

Water content 0.33 gm.m 


Sample No. 9 

Mean volume diameter 20.1 microns 
No. of droplets per cc 252 

Water content 1.07 gm.m-? 


Sample No. 126 

Mean volume diameter 40.34 microns 
No. of droplets per cc 142 

Water content 4.86 gm.m 


Fig. 5. Typical cloud droplet samples. 


were greater than the calculated values. Rain 
was reported on these two flights but this 
fact does not explain the high water content 
values since precipitation elements did not 
contribute to them. It is probable that the 


largest droplets were descending through the 
cloud when impacted. This could also apply 
to the results of Flight 6 possibly as a result 
of turbulence. The cloud sampled on this 
flight was only 1000 ft thick but a large 
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Fig. 6. Relationship between water content, mean volume diameter and number of droplets per cm’. 


number of water content values, greater than 
the theoretical adiabatic values were observed 
in the lower 500 ft. 

Adiabatic values of water content would 
strictly be found only in those regions of the 
cloud in which no entrainment, mixing or 
precipitation occurs. Mixing and entrainment 
will cause the actual values to be less than 
those calculated from adiabatic ascent in which 
there is no interchange between the rising 
cloud mass and the environment and therefore 
lower-than-adiabatic values would suggest 
some interchange. As most of the values 
observed are lower it seems likely that this 
interchange in fact occurs over most of the 
cloud although not necessarily everywhere 
within it. On the other hand, precipitation is 
normally associated with some increase in the 
values lower down at the expense of the 
higher regions and greater-than-adiabatic values 
can occur in the lower regions even before 
precipitation is observed. The extent of any 
mixing and precipitation obviously depends 
on many factors such as speed of updraughts, 
state of development and age of the cloud 
so that all that can be safely concluded from 
these results is that the application of calcu- 
lated water contents to given clouds is, at the 
best, a rough process and in the main, except 
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where there is precipitation, will usually lead 
to over estimates. 


b: III. Variation of numbers of droplets per cm? 
with height. 


Graphs showing the variation of the num- 
bers of droplets per cm? with height were 
plotted but are not reproduced in this paper. 
There was nowhere any evidence of a syste- 
matic variation and in the main there were 
between 100 and 300 droplets per cm? in any 
of the clouds. However, local extreme values, 
as high as 976 per cm? and as low as 19 per 
cm? occurred and there was a tendency for 
higher values to be found near the base of 
the cloud. Mean figures of droplets per cm? 
for each flight are given in row 13 of Table 2. 


b: IV. Variation of water content with mean 
volume diameter and number of droplets 
per cm. 

The relationship between mean volume dia- 
meter, D, water content, W, and number of 
droplets per cm’, N, is 


IT 
= NDS 
soie 


Curves of W against D for different values 
of N are shown superimposed on the plotted 
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points for the 150 samples in Fig. 6 giving an 
overall presentation. À mean curve, shown 
dotted, has been drawn through the points. 

It will be seen that the mean curve differs 
very little from the theoretical curve corre- 
sponding to N=150 for mean volume dia- 
meters greater than about 20 u and that all 
but 4 of the 150 samples lie between the curves 
for N=25 and N=soo. The mean curve 
shows that the tendency is for higher values 
of water content to be due to higher values of 
mean volume diameter rather then higher 
values of number of droplets per cm?. 


c. An examination of Best’s equation for the 
droplet distribution in clouds. 


An equation suggested by Best (1951) 
which is frequently used to relate quantities 
of water and droplet size within a cloud is 


1— F = exp le +] 


where F is the fraction of liquid water com- 
prised of droplets with diameters less than “d” 
and where “a” and “n’” are constants. The 


equation can be rewritten in the form 


log yo logo, 110810 d-nlog,o a + 0.3617 


which represents a straight line of slope n. 


The constant “a” is seen to be the value of 


“d” for which log, „logo = 0.3617. 


To find values of the constants “a” and “n°” 


I : 
values of log, log 49 TE Were plotted against 
log od for all the samples. “d” is the maximum 
droplet diameter corresponding to any grati- 
cule circle and was taken to be midway between 
the diameter of that circle and the next bigger 
one. The values of “d” are therefore 6.38, 
8.95, 12.68 etc. microns (see section 2). 


For many of the samples the relationship 
I 
between log, logo TF 
I; = 
not that of a straight line but a curve. For 
most of the samples, however, the curvature 
was not very great and it was possible to draw 
the best straight lines through the points 
fairly accurately by eye. 


and log, 9d was 
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For the largest droplet size present F is 


unity and log10l0810 = is infinity. F If 


F 
I 
be taken as 0.99 the value of log; 010810 TR 
drops to 0.301. Hence, for values of F approxi- 
mately equal to unity, a very small change 
in F makes a significant difference to the 
nature of the curve. For this reason it was 
decided that the point corresponding to the 
largest droplet size present was unrepresenta- 
tive and was not used in assessing the best 
straight lines. The percentage of water con- 


D 
sidered was therefore that for values of log: o- 


I : 
logıo TE UP to the greatest but one size. 


Within the above restrictions it was possible 
to obtain values of “a” and “n” for 108 of 
the 150 samples. For the remaining 42 samples 
the curvature was considered too great to 
merit drawing straight lines. The main reason 
for this appears to be because the largest 
droplets of some samples, while being small 
in number, have a large size range. Deviations 
from a straight line will, however, always 
occur to some extent. 

Values of “a” and “‘n’’, meaned for each 
flight, together with the number of samples 
from which the mean values were obtained 
are given in rows 18 and 19 of Table 2. 
The mean values for all the 108 samples were 
“a =23.0 u and “n”=s.1. An approximate 
empirical formula relating F and “d” for 


to) 
cumulus clouds up to 7000 ft thick is thus 


1—F=exp | (=)"] 


In an attempt to correlate the values of 
the two constants with other parameters graphs 
were plotted of the constants against (r) water 
content (2) number of droplets per cm? and 
(3) maximum droplet diameters. It was found 
that 

(1) “a” increased in a fairly regular manner 
and “‘n’’ decreased in a most irregular manner 
with increasing water content, 

(2) “a” and “n” did not show any regular 
variation with numbers of droplets per cm}, 

(3) “a” increased almost linearly and “n” 
decreased rather irregularly with increasing 
maximum droplet diameter. 

Graphs showing the variations of “a” and 
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Fig. 7. Variation of Best’s constants ‘‘a’’ and “‘n’’ with 

mean values of maximum droplet diameter and water 

content for the ten flights. (Values of the constants were 
obtained from 108 samples.) 
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n’ with maximum droplet diameter and 
water content are shown in Fig. 7. 

The most useful of the four curves (which 
were drawn by eye) is that shown in Fig. 7 (a) 
from which it will be seen that the points lie 
fairly close to a straight line of slope */, which 
passes through the origin. It therefore seems 
that in practice a good approximation to the 
value of the constant “a” is about ?/, of the 
diameter of the largest droplet present. By 
way of confirmation the 108 values of “a” 
were listed, regardless of flight, under the 
representative diameters used, viz. 10.41, 14.95, 


Table 3. Mean values of Best’s constant 
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21.29 etc. u. The table obtained showed a 
scatter which was to be expected due to diffe- 
rent samples having different numbers of 
droplets at the maximum size. The complete 
table is not reproduced but the mean values 
are shown in Table 3. 


The weighted mean value of the ratio 
max 


by this method is 0.68 which agrees well with 
the value quoted above. 
It seems therefore, that while the empirical 


formula 
a lg) [-(&)' | 


serves as an approximation to the relationship 
between “d” and “F” in cumulus clouds up to 
7000 ft thick, the values of “a” and “n’” for 
individual typical droplet samples which differ 
in their overall water content or maximum 
droplet size will be more representative if 


obtained from Fig. 7. 


5. Discussion 


Impactor techniques for cloud droplet 
sampling have been used by other workers 
(MAZUR 1943, DIEM 1948, SQUIRES and GILLE- 
SPIE 1952). 

The work of Squires and Gillespie in Austra- 
lia was largely devoted to the presentation of a 
new type of cloud droplet impactor (which 
also used magnesium oxide coated slides) and 
results were given for only nine impactions 
taken at one level on one flight through a 
cumulus cloud from which precipitation fell. 
The highest value of water content found was 
1.6 g m? which is not in disagreement with 
values published in this report. However the 
largest value of the number of droplets per cm? 
was 93 and this seems rather small. The data 
given by Diem and Mazur have been analysed 
by Best. Mazur gives results from eleven 
flights in cumulus clouds but the greatest 


‘a’? for different maximum droplet sizes. 


Maximum 
diameter(u) ...| 10.41 14.95 21.39 
No.ofsamples... 7 12 22 
Mean “a” (u) ---| 7.3 12.05 14.45 
Ratio 0.70 0.81 0.67 
Dmax 
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29.95 42.1 59.9 84 119 
32 22 7 2 4 
22.0 25.42 43-4 52.5 79.7 
0.73 0.60 0.72 0.63 0.59 
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number of samples taken on any flight was 
only six. The largest mean water content 
found was 0.49 g m-? and the largest mean 
value of the mean volume diameter was 17.3 u. 
Diem’s results which were obtained using 
an oil technique include only two flights in 
cumulus clouds with maximum values of 
water content and mean volume diameter of 
0.21 gm? and 17.1 u respectively. The results 
of the present paper are not in disagreement 
with these workers but in view of the much 
greater number of samples examined, present a 
fuller picture of the processes. 

The manner in which water is distributed 
in droplet form throughout a cumulus cloud 
depends primarily on the life and extent of 
the cloud. An exact analysis requires know- 
ledge of the positions in the cloud at which 
the samples were taken and further requires 
that all samples be taken at the same time. 
The best that can be done to satisfy the first 
requirement is to state roughly the location 
within the cloud at which the sample was 
taken though this is not always obvious. 
The second requirement cannot be fulfilled 
at all and in consequence results which have 
been obtained using a single shot impactor 
must be treated with reserve especially when 
several samples are grouped together to obtain 
mean values which are considered to be 
representative of the cloud. It should also be 
remembered that impactors of the type used 
and in quoted references underestimate the 
numbers of very small droplets and also are 
not suitable for obtaining reliable counts of 
those droplets which are present in very small 
concentrations. 


6. Conclusions 


With the above reservations in mind the 
following conclusions may be drawn from 
this report: 

(1) Mean spectra of droplet diameter against 
droplet ease have a mode at about 8 u. 
A secondary maximum at about 15 u was 
partly in evidence in some clouds and fully 
evident in others. 

(2) Graphs of droplet diameter against water 
content have revealed a mode diameter at 
about 8 u for clouds between about 750 and 
2500 ft thick but for clouds between about 
4000 and 7000 ft thick the mode is at about 


W. G. DURBIN 


18 w. This increase in the mode diameter 
probably represents an aspect of development 
from a small cloud to a bigger one. Larger 
clouds have higher water contents and the 
bulk of the water is contained in larger 
droplets. 

(3) In clouds between 750 and 2500 ft 
thick about one droplet in 1000 has a diameter 
larger than 60 u. In clouds between about 
4000 and 7000 ft thick about one droplet in 
100 has a diameter larger than 60 u. 

(4) Mean droplet diameters and mean vol- 
ume diameters tend to increase with height, 
the latter having values of about 5—1o0 u near 
cloud bases and 20—25 u near cloud tops. 

(s) Water contents tend to have larger 
values in thicker clouds. In the main, values 
are up to about 0.5 g m”? in clouds up to 
about 2500 ft thick and up to about 1.0 g 
m-? in clouds of up to about 7000 ft thick. 
Higher values can occur locally, however, 
and a value of almost 5 g m? has been found 
in cloud between 4000 and 5000 ft thick 
which was precipitating. 

On the whole observed values of water 
content are less than adiabatic values and this 
is doubtless due to dilution. However, higher- 
than-adiabatic values are frequently found 
and this may well be due to modification 
associated with the early stages of precipita- 
tion. In general it seems that adiabatic values 
are an unreliable guide to the disposition of 
water within a cloud. 

(6) The number of droplets per cm? is in 
the main between 100 and 300 in most parts 
of cumulus clouds but there is a trend rowards 
higher values near the bases. 

(7) Higher values of water contents in 
cumulus clouds appear to be due to larger 
droplets rather than to greater numbers of 
droplets per cm’. 

(8) The formula relating quantities of water 
and droplet diameter, given by Best over- 
estimates the importance of the larger droplets 
in relation to the smaller ones to such an ex- 
tent that it was possible to obtain values of 
the constants “a” and “n” for only about 
70 per cent of the samples. However, it 
appears that the value of “a” is governed by 
the largest size of droplet on the sample and a 
good approximation to it may be taken as 
*/, of the diameter of the largest droplet. 
Similarly, a reasonable estimation of the value 
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of “n” can be obtained from its variation with 
maximum droplet diameter though the nature 
of the variation is not as well defined as in 
the case of “a”. 

(9) Future work in the field of cloud droplet 
distributions could more usefully be undertaken 
using a technique which allows continuous 
sampling during a traverse through a cloud. 
Neglecting the time taken for the aircraft to 
traverse the cloud, this would enable reason- 
ably accurate investigations of the droplet di- 
stribution at a given level to be made and 
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successive traverses at the same level would 
provide valuable information on cloud devel- 
opment. 
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The Formation of Rain by Coalescence in Very Shallow Cumulus 


By B. J. MASON, Imperial College, London 


(Manuscript received July 26, 1958) 


Abstract 


It is demonstrated theoretically that showers may be released by coalescence from shallow 
cumulus, only 1 km deep, lasting for one hour and having cloud-droplet spectra typical of 
those measured in clouds formed in clean, maritime air. In clouds formed in more heavily 
polluted continental air and which have higher concentrations of smaller cloud droplets, 
the coalescence process is delayed and retarded so that, under otherwise comparable condi- 
tions, the time required for shower formation is considerably increased. 


Introduction 


In a recent paper in this journal, SQUIRES 
(1958) has pointed to the differences which 
exist between the cloud-droplet spectra of 
non-freezing cumuli formed in maritime air 
and those of similar clouds which have de- 
veloped in continental air masses. The ‘con- 
tinental’ cumuli contain higher total concentra- 
tions of droplets, have narrower droplet 
spectra with smaller maximum and average 
droplet sizes, and possess greater colloidal 
stability. Squires attributes these differences to 
the fact that clouds formed over land will be 
supplied with higher concentrations of con- 
densation nuclei in the ‘Aitken’ and ‘Large’ 
size groups so that smaller peak supersatura- 
tions will be achieved than in maritime clouds 
containing updraughts of similar strength. 

It is fairly well established that rain falls 
more readily from small cumuli formed in 
warm maritime air masses than from clouds of 
similar dimensions and duration occurring in 
the interiors of continents, and that these 
showers are often released by the coalescence 
process. It is interesting to enquire to what 


extent the development of the coalescence 
mechanism is determined by those differences 
of microstructure noted by Squires. 


In an earlier paper, MASON and GHOSH 
(1957) investigated the formation of large cloud 
droplets in small cumulus having properties 
very similar to those described as ‘continental’ 
by Squires, but containing some giant salt 
nuclei, their constitution being typical for small 
cumulus formed over southern England. It 
was shown that the appearance of droplets of 
radius > 30 u, in rather feeble cumulus, only 
11/, km deep, may be accounted for by the 
growth on giant hygroscopic nuclei of mass 
> 10711 ¢ in a cloud of mean water content 
0.5 gm? composed of droplets of mean- 
volume radius 7 u, provided that it lasted for 
at least one hour. 


More recent calculations, based on accurate 
theoretical values of collision efficiencies be- 
tween drops of R < 30 u for droplets of all 
smaller sizes, which have only just become 
available (HOCKING, 1959), indicate that the 
rates of droplet growth obtained by Mason 
and Ghosh, which were based on the inac- 
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curate data of Pearcy and Hux (1957), are 
rather too high and that, in the conditions 
considered, it would take nearly 90 minutes 
instead of 1 hour for nuclei of 10-11 g and 
10-10 g to grow to droplets of 30 u and so u 
radius respectively. Under the same conditions, 
giant salt nuclei of m = 10° g present in 
maritime air in concentrations of order 1/litre 
would, in one hour, reach radii of too u but 
would require a further 1/, hr to grow to 
350 4 radius and become small raindrops. 
These times of 11/, hours are rather long for 
the life-times of small, isolated, ‘continental’ 
cumulus and although radar echoes and light 
showers are sometimes observed (see e.g. 
FETERIS and Mason, 1956), many such clouds 
will dissipate without precipitating. 

However, there are well-documented reports 
from such places as the Caribbean (Byers and 
Haut, 1955), Hawaii (Squires and WARNER, 
1957) and Central Sweden (Lupram and 
SAUNDERS, 1956) that light showers sometimes 
fall from isolated, warm, ‘maritime’ cumulus 
little more than ı km in depth. The life-times 
of these clouds probably do not exceed one 
hour. 

It will now be demonstrated theoretically 
that rain may form by coalescence in such 
shallow clouds, but that precipitation develops 
more slowly in clouds having a typical ‘con- 
tinental’ constitution in the sense described 


by Squires. 


Calculations of Drop Growth in a Model 
‘Maritime’ Cloud 


The cloud under discussion is assumed to 
have a base temperature of 10°C (pressure 
goo mb), an average liquid-water content of 
0.4 gm? composed of a low concentration 
(30/cm3) of droplets of mean-volume radius 
15 u. These characteristics are typical of the 
measurements made in small maritime cumulus 
(Squires, 1958). 

The raindrops are assumed to originate on 
giant salt nuclei of mass 10 °g, present in 
concentrations of order 1/litre as indicated by 
the measurements of Woopcocx (1953, 1957) 
entering the cloud base as droplets of sea 
spray. 

The cloud, as a whole, is required to last 
for at least one hour during which time it 


Tellus XI (1959), 2 


217 


may grow to a height of about 1 km above 
its base, at which level it may be limited by 
an inversion or a dry, stable layer. 


There are assumed to exist, inside the cloud, 
stirring motions capable of transferring drop- 
lets from one level to another and of allowing 
some droplets to remain for longer periods 
and therefore to have longer effective fall 
paths inside the cloud than would be the case 
in a constant, steady updraught. 


It is assumed that our cloud forms by rather 
weak convective lifting of the air, at an average 
rate of 1/, m/sec for 1/, an hour, to reach a 
depth of 900 m at the end of this period during 
which the cloud droplets are assumed to have 
obtained a mean-volume radius of 15 u. If the 
droplets are assumed to originate on salt nuclei 
of mass 10-13 g which, over a disturbed sea, 
exist in concentrations of a few tens per cm’, 
this implies that the air has an average super- 
saturation during their growth of 0.1 per cent. 
Superimposed on the steady ascending motion 
of the cloudy air we picture the existence of 
eddying motions which effectively stir the 
cloud so that, except close to the cloud 
boundaries, the liquid-water content and drop- 
size distribution may be regarded as nearly 
uniform. 


We now consider the growth, among the 
population of cloud droplets, of a few giant 
salt nuclei of m = 10° g which have entered 
the cloud base as droplets of sea water of 
radius 20 u. Their subsequent growth by con- 
densation under a supersaturation of 0.1 % 
and by coalescence with the smaller cloud 
droplets is shown in Fig. 1 (a). After one hour, 
these droplets will have acquired radii of 
375 4, a terminal velocity of a little more than 
3 m/sec, and fall out of the cloud as small 
raindrops. Even if the air is assumed to be just 
saturated relative to liquid water ie. to have 
zero supersaturation, the droplet radius after 
one hour will be only slightly less at 340 u, 
as shown in Fig. 1 (b). 


The growth rate of a salt nucleus of m = 
10-10 g entering the cloud base as a spray 
droplet of radius 10 u, but otherwise subjected 
to exactly the same conditions specified for the 
first calculation, is represented by Fig. 1 (c). 
After one hour the drop would attain a radius 
of only 110 u and 80 minutes would be re- 
quired for it to reach 350 u. 
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Fig. 1. The times taken for drops to grow by condensa- 

tion and coalescence under the following conditions. 
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The calculations represented by Fig. 1, which 
may easily be repeated for other values of the 
cloud parameters, enable us to fix the time- 
scale for the development of precipitation in 
our model cloud in which values for the tem- 
perature, supersaturation, water content and 
droplet size are specified. We have seen that 
raindrops of BA, ı mm diameter may be 
produced providing that the cloud lasts for one 
hour and that drizzle drops (diameter ~ 300 u) 
may be formed after about ®/, of an hour. 

Having fixed the time scale (maximum 1 
hour) and the vertical dimensions of the cloud 
(about 1 km), it is now necessary to formulate 
a pattern of vertical motion which will allow 
the incipient raindrops to remain in the cloud 
for a time sufficient to reach a radius of, say, 
350 a at which they have a terminal velocity 
of 3 m/sec. It turns out that it is not possible 
to accommodate the trajectory of drop which 
will grow to radius 350 u in a cloud only 1 km 
deep if it is assumed to ascend, grow and fall 
out in a steady, continuous updraught. One 
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might argue that providing the cloud sustains 
vigorous stirring motion it is reasonable to 
expect that at least some of the larger drops 
will be retained sufficiently long for them to 
grow to precipitation size in much the same 
way as Mason (1952) demonstrated for layer 
clouds. But the formation of convective clouds 
is associated with buoyant thermals rising up- 
wards through the cloud mass and it is the 
magnitudes of these updraughts, in relation to 
the other characteristics of our cloud model, 
which call for some discussion. If the up- 
draughts are very weak the growing drops 
will fall out before reaching raindrop size; on 
the other hand, strong upcurrents may well 
carry the drops up to the cloud summit 
before they have reached a size (about 150 w 
in radius) at which they can survive evapora- 
tion of the cloud towers. 

The following is suggested as a reasonable 
pattern of vertical motion which, in con- 
formity with the rate of droplet growth shown 
in Fig. 1 (a), would enable drops of radius 
about 350 u to develop within one hour in a 
cloud only 1 km deep. The cloud is formed 
initially by a steady updraught of 1/, m/sec 
in which a sea-spray droplet having radius 
20 u on entering cloud base will have grown 
to 75 u 1,700 seconds later and after having 
risen 450 m. At this stage, when it is about 
to fall back towards the cloud base, it is 
pictured as being caught up in a second thermal 
ascending at 1 m/sec in which, after a further 
650 seconds, it attains a radius of 120 u at a 
height of 670 m. By this time, the depth of 
the visible cloud will have reached 1,100 m 
unless restricted by an inversion or dry, stable 
layer. If, at this stage, the updraught pauses and 
the drop falls freely to the cloud base under 
its terminal velocity it will arrive there, 450 
seconds later, with radius 190 u; to allow 
further growth one might visualize it being 
carried up in a third thermal with updraught 
in excess of 2 m/sec. But, if the updraught 
associated with the second thermal is assumed 
to persist in the lower two-thirds of the cloud 
while the cloud top is prevented from rising 
farther, our drop, having reached radius 120 u 
and terminal velocity 1 m/sec at a height of 
670 m, will now reach cloud base with a 
minimum radius of 300 u after a total time of 
3,300 sec. But some drops may be delayed 
by eddying motions and so will ultimately fall 
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Fig. 2. The collision efficiency E of drops of radius a,, 
for smaller droplets of radii a,, as calculated by Hocking. 


out of the cloud with larger radii after the 
correspondingly longer times indicated in 


Eig 1 (à). 


Raindrop Formation in a Model ‘Continental’ 
Cumulus 


Similar calculations have been made for a 
model cloud having the same liquid-water 
content and other characteristics as those just 
described except that the mean cloud-droplet 
radius is now reduced from IS yu to 8 u, a value 
more typical of clouds formed in continental 
air masses. The degree to which the growth 
rate of the nascent raindrops is sensitive to 
the average size of the cloud droplets is seen 
by comparing Figs. 1 (b) and ı (d), the time 
required for growth to 350 u radius being 
increased from 60 minutes to 100 minutes. 
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This is because Hocking’s calculations of 
collision efficiencies, which are based on an 
accurate solution for the flow pattern round 
two spheres each having Reynolds number 
less than 0.5, predict a value of 0.18 for droplets 
of radius 15 u colliding with droplets of radius 
20 u and a rapid increase to E = 1.08 as the 
drop radius increases to 30 u, while for droplets 
of radius 8 u, the corresponding values are zero 
and 0.30. 


Conclusions 


On the basis of the above calculations it 
seems entirely reasonable that drops of radius 
3504 should develop in shallow maritime 
clouds within periods of about one hour, and, 
if present in concentrations of t/litre, will 
produce precipitation at the rate of 1 mm/ 
hour. 

Because the growth of drops by coalescence 
sets in earlier and proceeds more rapidly if 
the average cloud-droplet radius is large, 
shower formation is favoured in maritime 
clouds but the whole process will be consider- 
ably delayed in more heavily polluted air 
where the average cloud-droplet size is con- 
siderably smaller. 

The greater colloidal stability of small 
cumuli forming over the continents relative 
to that for similar clouds formed over the 
oceans may therefore be at least partially ex- 
plained by the observed differences in micro- 
structure, although differences in dynamical 
properties, not yet well established, may also 
be important. 
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Abstract 


Criteria minimizing differences in operators, location, and time of observation are established 
for selecting comparative data on atmospheric CO, concentration during the past 100 years. 
The resulting selection showed in all cases the period 1907—1956 to have a higher mean than 
1857—1906. The difference between means was not statistically significant for 5 unweighted 
comparisons. Weighting by estimates of reliability resulted in a significant difference for yearly 
and summer non-urban values, but not for the other 3 comparisons. Additional comparisons 
of all values in the study, of six entire distributions, and of five paired studies with closely 
comparable data showed increases in a more recent period, with one exception. The magnitude 
of the increase for weighted yearly non-urban data was 25 ppm (from 294 to 319) for the quarters 
1857—1881 to 1932—1956. Several possible explanations for the increase include: 1) an actual 
atmospheric increase, 2) a coincidence of the influence of micro-atmospheres, 3) improvement 
(or change) in chemical technique. 

Need for further sampling is emphasized and suggestions made for considering local influences 


in this sampling. 


Introduction 


Information on atmospheric CO, concentra- 
tion has been examined by CALLENDAR (1940, 
1958) who found an increasing concentration, 
and by Srocum (1955) who suggested the 
available data did not confirm such an increase. 
Slocum questioned the objectivity of selection 
of data by CALLENDAR (1940) and noted that 
he rejected higher values more often than 
lower values in the roth century, while the 
three values rejected from the 2oth century 
were lower than those accepted. A question of 
method of selection also applies to the more 
recent CALLENDAR (1958) paper since: 1) The 
“general average” of the first criterion is 
neither defined nor is its value (or values) given 
for Tables A and B. The mean in Table A is 


of the values in the table, not of the total 
array from which these values were presumably 
chosen according to criterion “a”. There is, 
therefore, no way to check the objectivity of 
the selection of data in Tables A and B. 2) 
Values have been included in Figure 1 of 
CALLENDAR (1958) which should be rejected 
according to the criteria in section 1; for 
example, data of Spector and Dodge which 
are urban and based on a few values. 3) Values 
have been rejected from Figure 1 and the 
reason for rejection is not clear, for example, 
Haldane which is not a special purpose study, 
is rural, and contains sufficient measurements. 


By including all values in the literature since 
1816 with main sources in EFFENBERGER (1951) 
and STEPANOVA (1952), Slocum sought to 
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insure against a possible bias in selection of 
data. He found a mean of 335 ppm for 
1816—1901 and of 334 for 1904—1940. If all 
available estimates are to be accepted, however, 
the possibility of very high or very low values 
due to error in chemical method or to an in- 
sufficient sample must be admitted. The 
skewing toward the higher values in the 19th 
century data used by Slocum may reflect such 
errors. The influence of these extremes can 
be reduced by using a median or mode as an 
estimate of central tendency rather than a 
mean. The median of the 19th century distri- 
bution of Slocum is 300; the mode is in the 
290—299 interval, using a 10 unit size class. 
The median and mode of the 2oth century data 
are 318 and 320—329, an increase of 18 and 30 
units, respectively. The difference between the 
two median values is not, however, statistically 
significant. 

The data included in Slocum were gathered 
under a variety of conditions and are not, in 
many cases, directly comparable. The data in 
CALLENDAR (1958) include a lesser diversity 
since urban values, special studies, and in- 
adequate samples were rejected. The following 
essay attempts to supplement the Callendar 
criteria for selection of comparable data and 
to regard these data as samples subject to 
statistical analysis. 


ZN 
Criteria for selection of data 


The extreme variability in measured yearly 
values in western Europe (220 to 600 roth 
century; 284 to 442 2oth century) indicates need 
for caution in any comparison between 
different operators and different locations. The 
following criteria are intended to minimize 
differences in 1) operators and experimental 
technique (criterion 1); 2) location including 
micro-atmospheric location (criteria 2-6); 
and 3) time of observation (criteria 7, 8). 


Of the criteria employed by Callendar, 
criterion “a” which requires rejection of values 
10 % or more different from the “general 
average” is unadvisable from a statistical 
standpoint in view of the irregularity in the 
numerical distribution of CO, measurements 
(cf. Stocum 1955, Table 3; FONSELIUS et al. 
1956, Figure 1) and the difficulty of making 
an estimate of central tendency for the distri- 
bution. Such a criterion also precludes the 
possibility of applying tests of significance 
between two distributions. Criterion “a” of 
Callendar applied to the yearly non-urban 
values in Table 3 of the present study results 
in a range of 281—344 for selection of data 
for the 1857—1906 period and of 299—365 
for the 1907—1956 period, with subsequent 


- means of 311 and 315. 


Table 1. CO, at various heights above ground surface, in ppm. 


à : : 4 Wollny Puchner Bornemann Kreutz Fuller? 
Height in m v. Fodor 1885 1802 So 1947 1948 
ee un 1 oe U Ball 2 m 
14.00 462 
10.00 387 
2.50 386 
2.00 278 371 434 
1.00 469 
0.9I— 0.92 36— 
0.60— 0.61 55e 
0.50 466? 451 
0.30— 0:37 40— 
0.20 288 
0.15— 0.16 41— 
0.07— 0.08 61— 
0.0I— 0.02 421 350 
0.00— 0.0I 398 1014 468 120— 


1 from Bornemann (1920) 
2 height listed as among the cabbage tops. 


3 all values on yearly basis except Wollny, Bornemann, and Fuller. 
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Criteria “b’” and “c” of CALLENDAR (1958) 
are incorporated in 3 and 8 of the following. 
Criterion “d” of Callendar does not seem a 
valid reason for rejection of data since measure- 
ments for special purposes may be as accurate 
as those for the sole purpose of measuring 
atmospheric concentration. 

Chemical Analyses. Early estimates show a 
decrease from the 1750’s to 1850's which is 
generally recognized as due to improving 
chemical technique. BLOCHMAN (in Letts & 
Blake, 1900) notes that the figures of de 
Saussure steadily decreased as his work pro- 
gressed. CALLENDAR (1940) considers the 
first accurate values may have been obtained 
by THorpE (1867). Criticisms of various 19th 
century workers and techniques have been 
made by Sprinc & ROLAND (1885), VAN Nüys 
and Apams (1887), LETTS and BLAKE (1900), 
CALDWELL (in Letts and Blake) and Brown 
and ESCOMBE (1905 a). The most often noted 
criticism was that CO, is absorbed during 
transfer to weighing or titrating (including 
possible contamination from the breath). Cald- 
well performed five series of tests comparing 
the Pettenkofer method with known values of 
CO, and with the Letts and Blake modifica- 
tion of the Pettenkofer, which was itself of a 
high accuracy when compared with known 
CO, volumes. His summaries show actual CO, 
concentration to vary from 0.66 to 0.89 of the 
amount measured by the Pettenkofer method. 
This ratio is a possible explanation of the higher 
values in the skewed distribution of Slocum, 
since the Pettenkofer method was in wide use 
in the second half of the roth century. 
Criterion 1. Data were selected from only the 
last 100 years (1857—1956), thus eliminating 
the necessity of choosing among the earlier less 
exact studies. Data from this period which 
have been criticized in the above noted re- 
ferences are marked 1 in column 7 of Table 3. 
Data from studies praised in Spring and Roland, 
Letts and Blake, Caldwell, and CALLENDAR 
(1940; 1957; 1958) are marked 3 in column 7. 
Data from studies neither criticized nor 
praised are marked 2. 

Another indication of reliability (or con- 
sistency) of chemical technique is the range of 
values in relation to the mean (or to the mini- 
mum values as presented in Letts and Blake). 
Column 6 of Table 3 lists the difference be- 
tween the maximum and minimum values 
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Table 2. Mean monthly relative CO, concentra- 
tion of 13 yearly studies in western Europe. 


January. er CU a UL yet 91.4 
Bebzuasyzer ur eye) INURE Maan ot sec 90.0 
IM ENS OM aoe ei Ole 93.1 September. pr at 92.2 
AD ee rer 93.7 October Fern: 91.9 
Maya. Ae ELA 92.5 MMNOVEHMIDEN I srr 93.3 
June Ser eee 00,8 nıDecember ne... 2121 9355 


divided by the mean. If the study extended 
over more than 1 year, the value in column 6 
is the mean of each yearly ratio (on a per 
station basis for the Scandinavian network). 

Height above Ground. There is apparently 

higher CO, concentration immediately at 
ground level with rapid decrease above this 
point and a possible subsequent slight in- 
crease (see MIDORIKAWA, 1957). VON FODOR 
(from BORNEMANN, 1920), showed from three 
years of observation that air at 0.01—0.02 m 
contains more CO, than at 2.5 m except in 
winter and early spring. PUCHNER (1892) 
from 1 year’s observations found more CO, 
at 0.01 m than at Io m except in November, 
December, January and February. Huser 
(1952) observed CO, variation was greatest 
at 1 m and his graphs show an apparent plateau 
from 4.5 to 22.5 m. The results of 6 studies are 
summarized in Table 1 and demonstrate a 
rapid decrease with height with a leveling of 
values above 0.5 m. The extreme variability in 
relative CO, values at varying heights is a 
serious difficulty in the selection of comparable 
values. 
Criterion 2. The great majority of studies have 
been made at heights of from 0.5 to 2.0 m, a 
strata which approximates the plateaus in 
Table 1. Only studies from this strata are 
included. 

Influence of Urban areas. There is more 
CO, in urban than rural areas. Of 20 com- 
parable studies (located in the literature), 18 
showed urban air to have a higher concentra- 
tion while 2 (ROSCOE 1864; CARPENTER 1937) 
asserted there was no difference. The proba- 
bility that 18 of 20 observations could occur 
by chance to be higher in cities, assuming a 
hypothesis of no difference between urban and 
rural, is < 0.001. The percent differences are 
variable, urban air showing an increase of from 
3 to over 100 percent. Callendar’s criterion “b” 
entailed rejection of urban values. 


Tellus XI (1959), 2 


RECENT CHANGE IN CO,-CONCENTRATION 223 
Table 3. CO, studies with yearly and/or summer data. 
Symbols in Columns 3 and 7 as in text. 
Worker and date of No. of ob % Max.- oe 
publication Date of study! Locality* kan, CO, ppm,*/Min. range een 
as technique 
Schulze (in Letts & Blake). 1868—7I u 103: 291 2 
REISE (MOOD) ie een een 1872—73 T 38 = 5 
>» ERS $1873, 79, 80 Tr 53 291 9 3 
IRISIERLRESZ artes ue 1872—73 sm 365 303 32 2 
» (ESA) me $1873 sm OI 300 2 2 
Pr CHO GA (S773) ia CR tor s? r ? 314 —{ 2 
TREES SR TA) en ete 1874—75 r 295 344 30 2 
» (in Letts & Blake).| s1875 r ? 334 == 2 
Hässelbarth & Fittbogen 
(ESZO\ Sr EEE 1874— Tr 
Hässelbarth & Fittbogen 2 + Me 7 | 
HT RR an r S1875 r in((# 6 I 
Levy (in Letts & Blake)... 1876—87 S a ts ee I 
» » ...| Ss1876—87 S ? 296 —4 I 
von Fodor (in Letts & Blake) 1877779 u 1200 389 22 I 
PATIAS TEOMA (ESSO) ha. oe. $1879 sm 53 296 19 2 
Mintz & Aubin (1882) sI881 if 17, 281 16 3 
Russel (in Letts & Blake). . 1882—84 u 156 413 82 2 
Spring & Roland (1885)... 1883—84 u 266 337 76 2 
Dragendorff (1887)....... ? sm 366 266 64 2 
von Frey (in Letts & Blake) 1887—88? u 566 264 oe 2 
Petermann& Graftiau(1892) 1889—91 r 564 301 42 2 
» » (1892)| s1889, 90 ig 137 288 19 2 
IPHGEDHERM(ESO2) ck sates 1891 S 126 371 129 2 
» (E802) ass tire SI8OI S 27 331 65 2 
Milliamsı (7897) cytes. 7. 1896—97 Ir 142 327 OI 2 
Petits & Blake (2900)... ... s1897 S 18 308 PG 5 
Brown & Escombe (1905 b) 1898—1907 T OI 295 2 3 
» » (1905 b)| s1898, 99, 00, o1 r 41 288 10 3 
Benedict (TI9E2)...2. .n.:= 1909—I1I S 327 30(3) 82 2 
» (HG) SIQIO S 57 30(0) 20 2 
Lundegardh (1957)....... S,S1920—26 T daily 311 35 2 
Carpenter (NO37) ee: SIQ31 S 30 30(5) 26 2 
» RO: 1934—35 sm 75 31(0) 265 2 
Buchntro30) tn 1934 r 41 Bom 2 3 
» (ROSO)EE RER S1934 ng 9 326 19 3 
I DYBKSTES (AUC BXC) EE Aue 1936—39 sm 500 399 138 2 
IFOULAMNO TD) EME opened 1939 u 730 442 81 2 
Eliuberi 952) Pre SIg5I I 30 321 23 2 
Fonselius et al. (1955 etseq.) 1954—56 T 866 326 298 3 
» » » (1955 » » )| S1955, 56 Tr 222 321 we 3 


s signifies summer data. S = data include measurements for September, 
r = rural, sm = urban < 1,000, s = park in suburb, u = urban. 
figure in parentheses not significant. 


listed as similar to yearly range—summer data not available. 
mean of the per cent variation for each station. 


1 
2 
3 
4 data not available. 
5 
6 
7 


ih —~criticized data, 2 


Criterion 3. Urban studies show variable in- 
creases over surrounding rural air and are not 
directly comparable. The analysis was limited, 
(except for one comparison with yearly means) 
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= neither criticized nor praised and 3 = praised data according to Criterion I. 


to studies of non-urban air. An area was 
considered non-urban if it had a population 
less than 1,000 or if it occurred in a park or 
large grounds in a suburban area. In Table 3, 
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studies are classified r-rural; sm-urban < 
1,000; s-park in suburb; u-urban. 

Difference of Land and Ocean. No studies 

of any duration have been made over ocean, 
but short term comparisons, mostly in sum- 
mer months, have shown ocean air to have 
less CO, than air over continents. BUCH (1948) 
found a range of maritime air of 314—331 
ppm and for continental and tropical air of 
326—366 ppm. Parmavist (1892—1893) and 
TROILI-PETERSSON (1898) also found a lower 
concentration over ocean. The studies of 
TuHorPE (1867) showed 300 ppm over ocean 
which was compared to a land value from the 
literature of 404 which seems high in relation 
to subsequent, more accurate studies. 
Criterion 4. There is insufficient data to deter- 
mine the validity of comparing ocean and 
land measurements. The present analysis is 
limited to land measurements. 

Coastal and Inland Air. Lerrs and BLAKE 
(1900) have suggested that inland air may 
contain more CO, than that in seaside districts 
or in the vicinity of large lakes. Of the data 
compared by Letts and Blake, no studies of 
similar or extensive time periods are available, 
however, and only one comparison (de 
Saussure) is by the same operator. A compari- 
son was made of 6 coastal stations (Bo, Be, 
Pl, Od, Oj, Tr) with 8 inland stations (Ab, 
Br, Va, As, Fl, Ka, La, Ri) for 1955, 1956 data 
of the Scandinavian network (FONSELIUs et al.). 
The coastal mean for the period was 324 and 
the inland mean 326. The difference between 
these means, assuming normal distribution, 
is not significant (prob. > 0.25). There was, 
similarly, no significant difference in seasonal 
means, although for all seasons these means 
were around 2 ppm higher for inland stations. 
Criterion 5. Both coastal and inland stations 
will be included in the present analysis. 

Latitude. Mintz and AUBIN (in CALLENDAR, 

1940) and Buch (1948) present data which 
suggest CO, decreases toward the poles. 
Preliminary results of recent IGY studies 
(ODISHAW, 1958) indicate air over the Antarctic 
is approximately the same as in other areas 
away from industrial contamination. 
Criterion 6. There is insufficient data to deter- 
mine effect of latitude. Since almost all studies 
have been made in the middle northern latitude 
in Europe and eastern North America, the 
present study will be so limited. 
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Time of Day. There is usually more CO, at 
night than day on land, especially during 
photosynthetic seasons. Continuous or periodic 
measurements by HAssELBARTH and FITTBOGEN 
(1879), REINAU (1930; 1954) and Huser (1952) 
show higher night-time values. Hässelbarth 
and Fittbogen noted a decrease from sunrise 
to noon with a sudden decrease after sunrise, 
and Huber found a similar pattern with CO, 
accumulating at night from respiration and 
being mixed by turbulence and absorbed by 
photosynthesis during day. Reviews of day and 
night measurements by LETTS and BLAKE (1900) 
and LUNDEGARDH (1924) indicate higher night- 
time values. All studies examined in the present 
review with comparable day and night values 
showed higher night means with 3 exceptions: 
TrucHot (1873) found lower night values 
over soil in the absence of vegetation (the 
release of CO, from soil organisms is closely 
related to soil temperature which would be 
higher on average during day), at the same 
time noting higher night values over soil with 
vegetation; THORPE (1867) found a higher 
daytime concentration over ocean, presumably 
determined by a daytime heating of surface 
waters with subsequent CO, release; MÜNTZ 
and AUBIN (1884) noted higher daytime values 
in the southern hemisphere which they 
attributed to a paucity of vegetation and land. 
Criterion 7. Study of long term CO, change 
should not include comparisons of day with 
night values. Since the great majority of CO, 
studies were made during day, the present 
analysis is so limited. The day period was 
defined as from 7 a.m. to $ p.m., an interval 
in which studies with continuous measure- 
ments showed the least variation. Values over 
unplowed fields or over water (see Criterion 4) 
were not included. 

Season. There is seasonal variation in carbon 
dioxide, at least in western Europe, with a 
minimum in summer and a maximum in 
winter and early spring. CALLENDAR (1940) 
calculated seasonal means from over 1,000 
observing days in the 19th century as spring 
297, summer 290, autumn 294, and winter 296 
ppm. FONSEIUS et al. (1956) found a similar 
pattern for the Scandinavian network with 
the exception of the Finnish stations. All 
European studies with a complete set of 
monthly measurements (Buch, von Fodor, 
Fonselius et al, (2 years), Hässelbarth and 
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Fittbogen, Levy (1 set of monthly means), 
Petermann and Graftiau (2 years), Puchner, 
Risler, Spring and Roland) plus two studies 
with data from 11 months (Farsky, Reiset) 
were analyzed by transforming the monthly 
data for each study to percentage of the maxi- 
mum month. Studies with differing methods 
and from different periods were, thus, rendered 
comparable. The mean of these percentages is 
shown in Table 2. A fairly consistent trend is 
apparent from a maximum in January to a 
minimum in August with a subsequent rise in 
autumn toward the winter maximum. Con- 
siderable variation was present in the trends for 
any one year and a test of the significance of 
the monthly rankings was, therefore, utilized. 
The coefficient of concordance of Kendall 
(1948) was applied to the values for each year 
(with complete data) ranked in order of 
decreasing magnitude. The calculated coefli- 
cient of concordance was 0.23. This value was 
tested for significance with the F test with a 
resulting F value of 2.9, an n, of 10.8 and an 
ny of 108.1. The probability of achieving a 
similar F value by chance is < 0.01. The 
ranking is, therefore, considered to be suffi- 
ciently consistent. The month with the highest 
ranked value was January, the lowest was 
August. 
Criterion 8. Values from one seasonal period 
are not comparable with those from another, 
although late spring and autumn values are 
more nearly comparable than winter and 
summer. In examining literature for studies 
with comparable seasonal periods, 2 months, 
April and August, were found to be represented 
by the greatest number of studies. There 
were also a number of studies over the sum- 
mer months as a whole, and studies with data 
for at least 2 of the 3 months of June, July and 
August were selected. The final division 
consisted of studies with complete monthly 
means or with 11 monthly means. Two studies 
had fewer mean values, those of Brown and 
Escombe and of Benedict, but were included 
since they extended over a several year period. 
Most of the above criteria have been fre- 
quently noted in the literature, and could be 
applied with information available in most 
published studies. Other factors as total radia- 
tion, duration of radiation, direction and ve- 
locity of wind, temperature, air pressure, air 
mass movement, humidity, and fog and 
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cloud cover may influence local CO, con- 
centration, but most of these factors would 
presumably operate on measurements from 
each of two time periods. 


Analysis of data 


The mean values of each set of data selected 
by the above criteria are listed in Tables 3 and 
4. For those studies which could not be con- 
sulted directly, values are as presented in Lerrs 
and BLAKE (1900). For these values it was not 
possible to apply criteria 2 and 7. Yearly and 
summer averages are the mean of the calculated 
monthly means in order to equalize the in- 
fluence of months with variable numbers of 
measurements. The values in Tables 3 and 4 
are, therefore, slightly different, in some cases, 
from those which have been published in 
previous studies. 

Summary data for five categories of values 
are presented for unweighted and weighted 
comparisons in Table s, for each half of the 
one hundred year period. In testing the signi- 
ficance of the difference between means the 
assumption was made that the variability in 
each period followed a normal distribution 
and a standard error (test for small samples) 
of the difference between two means was 
calculated. The values in column 4 of Table 5 
are the probability (using a “t” test) that 
observed differences between means could be 
expected by random variation. 

The first five lines of Table 5 list unweighted 
means. In each case the recent mean is higher, 
but in no case is the difference between means 
significant. The lack of significance between 
all yearly values may be caused by inclusion of 
urban air, since the percentage of urban air 
studies is higher in the first period and urban 
air is too variable to be comparable. The lack 
of significance in the two separate months 
may be related to influence of studies with 
inadequate numbers of samples. 

Lines 6—8 of Table 5 list means weighted by 
estimates noted in Criterion 1 and presented in 
columns $ and 6 of Table 3. The mean of 
each study was included once if it had a 
max.-min. variability greater than 50% 
and/or had been criticized; it was included 
twice if its variability was less than 50 % and 
it had been neither praised nor criticized; it 
was included three times if it had a variability 


Table 4. CO, studies with April and/or August data. 


NTRS 10 ee EIU ea ee 


April August 
EL ae o. of 
Worker and date of publication an u ¢ CO, en ur CO 
tions NE tions PP 
ROGIER MESZ) oc hs Gas odes ao OK, 1873 | 30 305 1872 31 300 
Hässelbarth & Fittbogen (1879)| 1875 30 343 1875 31 340 
Reset (GS82) RME 1873 | 4 294 |1879, 80 20 284 
BEES (RS No a ge deco ot 1875 | ? 353 1875 ? 343 
Levy (In Letts & Blake)..... 1876—87 ? 297 1876—87 7 293 
Müntz & Aubin (1882)....... 1881 | 3 Degree ne 9 2892 
» RO Se) ER CEE 1881 3 274° 

Marcet & Landriset (1887).... 1885, 86 85 368 
Van Nüys & Adams (1887)...| 1886 | 18 282 

VOTE ARE) ee 1887 2 220 
Selander (from Lundegardh 

HO) ne: ana © 1888 ? 29I 

Petermann & Graftiau (1892)..| 1890, 91 51 304 1889, 90 43 288 
IL@lowabiavasing (ISCO 6s so mae ac 1890 3 303 

Buchner W892), vera PEMErE 1891 Io 410 1891 6 300 
Tetts Blake (TOO) mi). cei 1897 | 8 27% 

Tia (éco) ace dior 1898 I 269 
Brown & Escombe (1905 b)...| 1899, 1901 65 309 1898, 99, 1900 85 274 
IBENedICEN(TOU2) aire setts ot. 1909, IO, II 97 30(0)4 

Fundesardh (1024) meets 192(3?) 20 313 
INGIAEHN (TOO!) 5 9 oc er | 1925 9 293 
Carpenters (KOST) amr seins 1931 | 12 32(0)* 

BUCH (KORO) er ME terete hae: 1934 | 4 324 1934 2 327 
IHaldanen (95 oje ee: 1935 153 324 
Fonselius et al. (1954 et seq.)..| 1955, 56 72 329 1955, 56 5 318 
1 data Institute of Agronomy. 

2 data Plain of Vincennes. 

3 data Pic du Midi. 

4 Figure in parentheses not significant. 

5 


If less than 10 values per period per year, mean is of all values, not mean of monthly means as elsewhere. 


Table 5. Atmospheric CO, for 1857—1906; 1907—1956, various categories. 


Category Mean Mean DE 

Unweighted values 1857—1906 1907— 1956 à eg 
D'ANeATIV Alsvalıesm.... 321 350 0.113 
2. Yearly Non-urban..... 312 332 0.162 
3. Summer, Non-urban... 305 314 0.157 
4. April, Non-urban...... 311 318 > 0.250 
5. August, Non-urban.... 295 315 0.147 

Weighted values 
6. Yearly, All values (r).. 313 337 0.058 
7. Yearly, Non-urban (1). 309 326 0.054 
8. Summer, Non-urban (1) 299 315 0.001 
9. April, Non-urban..... 316 317 > 0.250 
10. August, Non-urban... 299 317 0.054 
Fe u Sa Ber Ar BA |e EEE ANTENNEN! 

11. Yearly, Non-urban (2). 293 319 0.002 
12. Summer, Non-urban (2) 293 315 0.002 


1 Weighted by opinions in literature and by maximum-minimum variability in 
relation to mean. 


? Weighted by maximum-minimum variability only. 
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Table 6. Median test for two samples; distribution of all values 
in Tables 3 and 4. 


less than 50% and had been praised. Studies 
with unknown max.-min. variability were 
included once. The difference between means 
is highly significant for summer non-urban 
data, but not for the yearly studies. 

A second weighting scheme was applied in 
which values were included once if their max.- 
min. variability was less than 30%. Studies 
with unknown max.-min. variability were not 
included. Results are shown in lines rr and 12 
of Table s. If the values chosen by this criterion 
are plotted on linear graphs they show for both 
yearly non-urban and summer non-urban 
data a rise similar to that presented by CaLLEN- 
DAR (1940, 195 8). The increase in yearly means 
and in summer means is highly significant in 
both cases. 

Lines 9 and ro of Table 5 list weighted 
means for April and August data. Values were 
included once for samples less than 10, twice 
for samples 10—29 and three times for samples 
30 and above. The difference between means 
is not significant. 


Comparison of all values 


All values for 1857—1906 and for 1907— 
1956 in Tables 3 and 4 were compared. A non- 
parametric test was used since four slightly 
different categories of values were included in 
each period, and in such circumstances an 
assumption of normality may not be feasable. 
The test chosen was the “median test for two 
samples” (WALKER and LEV p. 435, 1953). 
The distribution of values above and below 
the median (304 ppm) is shown in Table 6. 
The significance of the distribution was checked 
with chi-square with a resulting probability 


of chance occurrence of < 0.001. 


Comparison of yearly studies, individual 
values 


Individual values have been published for 
five studies extending over a yearly period. 
Tellus XI (1959), 2 
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1857—1906 1907—1956 
SA 20 27 
Een 33 4 
N, xe AT 

prob. = < 0.001 


A comparison of the distribution of these 
values shows each of the more recent studies 
(Buch; Fonsettus et al.) to have a higher mean 
than each of the earlier studies (REISET; PETER- 
MANN and GRAFTIAU; BROWN and EsCOMBE). 
The difference between these means (six 
comparisons) is highly significant in each case 
(prob. < 0.001). 


Studies with closely comparable data 


Five sets of data are closely comparable 
between two periods. 1) Yearly summaries of 
Levy show a mean of 297 ppm for the period 
1876—81 and of 287 ppm for the subsequent 
period 1882—87; the difference of the distri- 
bution of means is not significant. 2) Brown 
and Escombe used the Reiset apparatus with 
modifications which did not alter the final ans- 
wer more than one percent. The data in Table 3 
show an increase of 3 ppm for 1872—75 
(Reiset) to 1898—1901 (B—E) in the yearly 
mean; the difference of the distribution of 
individual values is not significant. 3) Part of 
the data of Benedict and of Carpenter were 
collected in the same location (grounds of 
Nutrition Laboratory, Boston, USA) and ana- 
lysed by the same volumetric technique, but 
not with identical apparatus. Comparative data 
show an increase of 10 ppm from 1909 to 
1912 to 1930—32 (nonsignificant figure is 7 
ppm). Basic data are not available to check the 
significance of this increase. 4) The data of 
LUNDEGARDH (1957), if the mid value is in- 
cluded in both periods, show a mean of 304 
for 1920—23 and of 316 for 1923—26; the 
difference of the distribution of means is not 
significant. 5) The studies of Buch and of 
Fonselius et al. were made with the same 
method and by operators able to compare 
analytic technique. If the five Fonselius et al. 
stations (Ab, Oj, Ka, Ri, Lu) closest to Buch’s 
Tetsamo station are averaged for 1955—1956, 
a mean of 328 is determined which is an in- 
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crease of 7 ppm from the 1935 value. These 
five stations include three Finnish locations 
and it is noted that the mean of the Finnish 
stations with continuous data (Ka, Ri, Lu, Tv) 
is 330 for N. 1954—Oct. 1957 (mean of 
monthly means) whereas the mean of the 
non-Finnish stations (Ab, Oj, Br, Fl, PI, Bo, 
Va, Od, As) with complete data for the same 
period is 323. Of the non-Finnish stations, 
8 of 9 values are between 321.2 and 323.9. This 
may indicate either a higher concentration 
over Finland or a slight positive systematic 
error (or difference) in the Finnish laboratory 
at Helsingfors. Table 2 of Fonszuus et al. 
(1956) shows a mean of the 6 Helsingfors 
determinations of 342.5 compared to a mean 
of the Stockholm determinations of 340.2 on 
identical samples. Disregarding the Finnish 
data as showing a possible systematic difference, 
the Scandinavian values for N. 1954—Oct. 
1957 show a remarkable similarity in CO, 
level and indicate difference in location may 
not be an important factor in analyzing CO, 
data between various time periods, at least on 
land in western Europe. 

The above comparisons show 4 of 5 studies 
give increases in a more recent period. The 
probability of such a distribution, assuming 
there should be no consistent trend between 
the periods, is 0.156. If only the past four 
studies are considered, neglecting the earlier 
Levy study, the distribution is 4 increases out 
of 4 for a probability of 0.062. In neither case, 
therefore, is the trend significant. 


The magnitude of the increase 


The two most meaningful comparisons in 
Table $ are of yearly non-urban and summer 
non-urban studies. These data show increases 
of 21 and 16 ppm for the first weighting 
scheme and of 26 and 22 ppm for the second 
scheme. 

A further subdivision of the data in Table 3 
was made by including only the first and last 
quarters of the 100 year period. Unweighted 
and weighted means (weighting schemes as 
above) for these periods are given in Table 7 
for yearly non-urban data. Magnitude of the 
increase for the comparison with the lowest 
probability of chance occurrence (0.006) is 
25 ppm. Only a few values are available for 
the 2oth century interval, however, and the 
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Table 7. Atmospheric CO, for 1857—1881; 
1932—1956. Yearly non-urban data. 


1857—1881|1932—1956| Prob. 
Unweighted 314 339 0.142 
Weighted (1) SIT 329 0.072 
Weighted (2) |: 294 319 0.006 


1 and ? Weighting schemes as in Table 5 and text. 


addition of further studies may nullify the 
differences shown. 

It is interesting to note that with the excep- 
tion of the very high Duerst, Kreutz, and 
Misra values, all of the daytime CO, studies 
since 1935 (including Buch, HALDANE, Pozzi- 
Escor (1938), Spector and DODGE (1947), 
Huser, and Fonsettus et al.) have grouped 
within the 315—325 interval and that no trend 
is present during the period. If only the non- 
Finnish data for the Scandinavian network is 
considered (323 ppm), then all of these meas- 
urements with the exception of Spector and 
Dodge occur between 321 and 324 ppm. 
During the middle of this period, GLÜCKAUF 
(1944) found a range of 31(0) to 35(0) ppm in 
Kew Observatory, England. The studies of 
ARNOLD and ANDERSON (1957) and REVELLE 
and Suess (1957) both indicate an increase as 
large as 10% has not occurred. Continuing 
measurements from permanent stations may 
show no increase in the future which will not 
necessarily invalidate the increase for the 
recent past suggested by Callendar and the 
present analysis. It will, however, make it 


appear highly unlikely. 


Conclusions 


The above analyses indicate by a variety of 
comparative techniques an increase in measured 
CO, for most comparisons during the past 100 
years; in some cases the increase is statistically 
significant, in others not so. There appear to 
be several possible explanations for this in- 
crease, each of which may be in part correct: 
1) an atmospheric increase as suggested by 
Callendar, from industrial activity and from 
clearing, draining and burning of vegetation; 
2) a coincidence of the influence of micro- 
atmospheres with areas of lower concentration 
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having been sampled by chance in the ı9th 
century and areas of higher concentration 
sampled more recently; 3) improvement (or 
change) in chemical technique, with gradually 
improving techniques having first reduced the 
measured values from $00 or more ppm to 
less than 300 by the end of the roth century 
and then raised the value to over 300 in the 
present century. The second and third possi- 
bilities appear less likely since a) an attempt was 
made to minimize the influence of micro- 
atmospheres in the selection of data; b) com- 
parisons of identical techniques between two 
periods show increases with the exception of 
the earliest comparison, although sufficient 
studies are not available to establish statistical 
significance, and the most recent increase is 
based on questionable values. : 

The lack of significant differences in 9 of 
the 12 comparisons in Table s and the possibil- 
ity that these differences may be related to 
factors other than an atmospheric increase 
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emphasizes the need, noted by Fonsentus et al. 
(1956), for continuing studies with similar 
techniques in identical locations. Further 
establishment of permanent CO, stations 
might consider some of the criteria noted 
for selection of data in the present study espe- 
cially those indicating the importance of local 
CO, sources (urban and industrial areas; 
animals and plants, especially soil organisms) 
and sinks (plants). Land CO, stations should 
be on areas in which the surrounding vegeta- 
tion can be protected from drastic change and 
is as close to CO, equilibrium as is possible. 
The influence of height above ground deserves 
attention; as noted by Huser (1952), the 
degree of daily variation decreases with height. 
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Abstract 


The Skagerack, the Kattegatt, the Danish Sounds and the Baltic, all together here called the 
Trans-Baltic, are treated as a one-dimensional channel with homogenous water. Water heights 
and velocities are computed from the linear hydrodynamical equations, including terms of 
acceleration, wind stress, air pressure and friction. It is made numerically with help of the 
electronic computor BESK. The computations are mainly concentrated to a case 5/12—12/12 
1932. The same treatment is also made for a closed basin consisting of the Baltic proper + 

the Gulf of Finland, altogether here called the Eastsea. 


Introduction 


HANSEN (1956) published numerical compu- 
tations of water heights and currents in German 
rivers and in the North Sea. In the former 
case a tidal wave progressing from the mouth 
was examined. In the latter case the storm 
surge of January 1953, “the Holland-Orkan”, 
was investigated. 

Since then this work has been continued at 
the International Meteorological Institute in 
Stockholm. Some troubles of the numerical 
stability in Hansen’s non-linear model have 
been overcome at least for a linear model. 
FISHER (1959) gives the results of these things 
together with computations with the new 
model. His scheme in two dimensions has 
here been translated to a one-dimensional 
model. 


The cquations and the numerical scheme 


We assume the movements to be mainly 
longitudinal (x-direction). The contribution 
of the Coriolis acceleration is therefore only a 
compensating pressure gradient in the lateral 
direction (y-direction) ; the equation of motion 
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in the y-direction is used only when the com- 
puted water heights are compared with real 
heights on one side of the channel. 

We assume furthermore the water to be 
homogenous, which means that the pressure 
gradient — u can be substituted by - g a 
o is the density, g is the acceleration of gravity 
and h is the variation of the sea surface (Fig. 1). 
If 0 is put equal to one, the equations of motion 
and continuity have the following appearance: 


ou oh Pa IT 
au Sen 


* This work has mainly been carried out at the Inter- 
national Meteorological Institute in Stockholm and 
partly at the Oceanographic Institute in Gothenburg. 
It has been sponsored by the Woods Hole Oceanographic 
Institution under Contract Nonr — 1143 (00) and the 
Fishery Board of Sweden. 
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Z-h where u = the velocity in the x-direction 
2-0 w = the velocity in the z-direction 
t = turbulent stress component 

; Pa = atmospheric pressure 


These are the equations of any water particle. 


| De _____ 7-4 But we wish to consider the total transport 
N through every cross section. Therefore the 


hb; 
integration / ji — - dz dy is carried out every- 
—Ho : 
where: 
h b; h b; 
r f I Le 
Z | dz dy = A; — u dz dy=u; 
=H J ‘pa Sy 
fay = bj 


Then we get for every cross section j: 


BL: an Oh Dura year 
er DL oon ae AS =. 


If the water is inhomogenous the most 

important difference is that the pressure term 
; d 

has to be supplemented with a term 452 

x 


fe) fe) 
where Q=o f /6dzdz and 6 is the anomaly 
il oi: 
in specific volume. If this term is neglected we 
have an error in h of order of magnitude = 


(Note that there is already in the real water 
level values a steady state error of this kind, 
Witting’s “dynamische Störung”.) 

If we put the bottom stress ty equal to 
Ru (will be discussed later) and differentiations 
are converted to differences, FiscHER’s (1950) 
numerical scheme may be written in the 
following way: 


ET = oœ ut + œ (ur +y" ) = 
J Lay 2 j-ı 


tank 
Fig. 2. Map of the Trans-Baltic. Some numbers of sec- A be be 2 
tions are indicated. Hs = Hirtshals, Dn = Drogden, I sé ie ( n hr ) fie At 
Yd = Ystad. Names of lightships are underlined. As;-; “te As; ia dak ox 
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b-At-z+t1 R-b.-At-un 
J hj J J 
À; À; 
nt I n n n a 
hr Cy he + Ge (A og - he.) 
x à FINE f Sie 
Aad tes. Aut) 


As_ı + As; 


+ 


u" means u at the timestep # and at the section j. 


a, and œ are smoothing terms governing 
numerical stability; o +2 &,=1. (According 
to later personal communication with Dr 
Fischer, it is not necessary to use such a smooth- 
ing when there are no Coriolis accelerations 
in the system.) 


The Trans-Baltic. Some earlier investigations 


The Trans-Baltic consists mainly of four 
different basins (see Fig. 3), separated by the 
three sills: the Kattegatt + the Danish Sounds, 
the Aland sill and the Kvarken sill. Even in the 
deeper parts the depths are small (mean 
values 40—60 m) except in the Skagerack 
(220 m). 

The water of the Trans-Baltic is horizontally 
and vertically stratified and the steady state 
density distribution is governed by a yearly 


A 
404 


30-4 


9 


aE roe 8 20 | 40 6° 3 


Fig. 3. Cross section area A km?. a) Trans-Baltic, sections 
o—83. b) Closed Eastsea, sections 22—51, I—VIII, 84—98. 
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outflow of about 470 km® river water. The 
topography of the Baltic and the mixing seems 
to be such to give a compensating salt water 
mass in the Danish Sounds of about the same 
amount, 470 km?/year (A & 7 cm/s) going in- 
wards. Therefore the “river current” should 
be about 14 cm/s in the Danish Sounds. Most 
of this river water seems to leave the Trans- 
Baltic as a rather concentrated current along 
the whole Swedish and parts of the Norwegian 
coast. 

In the different basins of the Trans-Baltic 
there is a weak cyclonic horizontal circulation. 
It is not impossible that this is wind-driven. 

The biggest transports are given by the 
wind surges. According to Hera (1944) such 
transports in the Danish Sounds give current 
velocities # of 25 cm/s as a common value. 
This article deals mainly with movements of 
such a type. (It should, however, be made 
clear that the numerical model may be used 
for many other purposes, e.g. for tidal waves, 
either coming from the North Sea or generated 
in the region itself.) 

From the discussion above is clear, that it is 
a rather great simplification to treat the Trans- 
Baltic as a channel with homogenous water. 
Nevertheless many features of these waters, 
especially the ratio between its length and its 
width (about 7 : 1), makes it worth while to 
try such a treatment as a first approximation. 
But even so, there are many possible ways of 
proceeding: 

1) WITTING (1911) has computed the tides 
in the Eastsea considered as a channel of 
constant depth. He used, however, a seiche 
period, which he computed taking the variable 
depth into consideration. Because the tides in 
the Baltic are very small, it was hard to get 
good agreement between theory and reality. 

2) HELLSTRÔM (1941) solved water level 
problems for the closed Baltic by assuming 
steady state: 

oh Opa b 


ce ER Era el 


The whole Baltic is cut into sections per- 
pendicular to the wind direction. The results 
are rather good for “non-oscillatory” cases. 
3) NEUMANN (1941) showed that the oscilla- 
tions in the Eastsea mostly are seiches in this 
basin (period T = 27.6 hrs) considered closed 
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Fig. 4. Cross section area A km? for sections 11—26. 


a) direct sea chart values. 
b) smoothed values, minimum 0.4 km?. 
c) smoothed values, minimum o.1 km?. 


100 


-100 
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Fig. 5. Water heights at Hirtshals hy cm. (W*) x m?/s® for 
sections o—8. 


(closed at section No. 22, Fig. 2). He examined 
a lot of cases, the first one of which was 
10—15/12 1932. 
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4) NEUMANN (1941) also computed the 
period T of the closed and branched Baltic 
(Fig. 2 sections 22—83, except 55, and VI, VII 
and 84—08). The theoretical value was 39.2 
hrs, but is not very often met with in nature 
according to Neumann. 


The numerical integration for the Trans- 
Baltic . 


A code has been made for sections o—83 and 
84—98, where the latter part is influenced by 
the former (hg, = h,,) but not vice versa. The 
runnings are noted I. The water level value 
hg is put equal to observed water heights at 
Hirtshals (there were no data available for 
Hanstholm), and tgs = ugs = 0. The case 
of 10—15/12 1932 is treated. The same case is 
also made for a closed Eastsea. The runnings 
are noted II. #9 = gg = 0. The basin consists 
of the sections 22—sı, I—VII and 84—98. 


Constants for I and II. 


1) As, A and b (see Fig. 3 concerning A) of 
the sections 26—98 and I—VII have been 
taken from NEUMANN (1941). For the rest of 
the sections they have been determined from 
sea charts. All the values have been smoothed 
by making sliding mean values. Especially 
sensitive are the A-values of the shallow parts. 
Fig. 4 shows sections 11—26 treated in three 
different ways. The minimum value 0.4 km? is 
a value close to that one quoted by HELA 
(1944). The A-values in this group have been 
used in a running noted 1,4. A running with 
Amin = 0.1 km? is noted I,,- 


2) The wind stress t, is put 


Tn=0.5 x 3.2 x 10 6(W?), MTS units, where 
Wis the geostrophically computed wind speed. 
The constant 3.2 x 10 is taken from SVERDRUP 
et al. (1946), mainly computed from steady 
state windstau measurements in the Baltic. The 
figure 0.5 is a factor converting geostrophic 
wind velocities to surface velocities. 


Every 6th hour seven new 7- and seven 


0 > 1 
new values are fed in for the sections 
IX 


0— 8, 9— 22, 23—33, 3460, 61—77, 7883 and 
84—08 for code I. For code II three new values 
are fed in for 22—33, 34—s5i1—I—VII, and 
84—98. For every timestep new values are 
interpolated from the fed in ones. 
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3) The bottom stress, T_p, is put equal to 
Ri. It may be better, however, to call this 
term a damping term instead of defensing it 
really to represent the bottom stress. R is put 
equal to 0.207 x 107% m sec’!. This value is 
computed by dividing NEUMANN’s (1941) 
damping factor 0.5 x 10°® sec”! by the mean 
value of b/A for a closed Eastsea. 

4) The timestep At is chosen 15 min. 
deduced approximately from the Courant- 
Friedrich-Lewy criterion and adjusted by 
experience. The runnings with the codes I 
take about 40 minutes and with II 25 minutes 
on the machine. 


Results h 


The results are given in the figures 6—13 of DES 
the runnings Ig., los and II as dashed lines. 


42 "DECEMBER 
1932 
momen au c 10- ti, 12 DECEUBER 
ne Fig. 7. Ystad, h cm. (W?)x m?/s? for the sections 23—33. 
Fig. 6. Varberg, h cm. (W?)x m?/s? for the sections 9—22.  Dashed lines represent computed values for the cases 
Dashed lines represent computed values for the cases ao ande]. 
I and Io. 
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DECEMBER 

1932 

Fig. 8. Landsort, h cm. (W?)x m?/s* for the sections 

34—60. Dashed lines represent computed values for the 
cases Iy., and II. 


T i al T ml Te rt T DECEMBER 


1932 
Fig. 9. Draghällan, h cm. (W?)x m?/s? for the sections 61— 
77. Dashed line represents computed values for the case I 44. 


5 6 7 8 9 10 11 12 DECEMBER 


1932 


Fig. 10. Helsinki, h cm. (W?)x m?/s? for the sections 
84—98. Dashed lines represent computed values for the 
cases L,., and II. 


The values of have been corrected for the 
geostrophic effect and are compared with 
corresponding points on the Swedish coast 
and at Helsinki. The Swedish values are 
referred to a level 14 cm above mean sea 
level and are corrected for the anemo-baric 
disturbance. Concerning the velocities, the 
measured values for Snipan and Storbrotten 
are mean values of surface and 25-meter 
data. For Drogden only the surface value is 
given. All real values are represented by full- 
drawn. lines. 


Runnings I: For our case of 1932 with 
its rather moderate wind velocities the water 
heights in the Skagerack and mostly in the 
Kattegatt to the greatest extent seems to be 
dependent on the level of the North Sea. 
A short special case (III) has been run without 
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T 


10 "11 "12 "DECEMBER 


1952 


Fig. 11. Drogden, u cm/s. Fulldrawn line represents the 
measured surface velocity. Dashed lines give computed 
mean velocities for the cases Ip,, and ]y..- 


any wind at all, which is presented in Fig. 14. 
The result is seen to be nearly the same for 
sections © and 13, whereas for the Baltic sec- 
tions there is nearly no change in water level. 
We have a special interest in the transports 
in the Danish Sounds and for that purpose 
runnings Ig, and Iyı are compared with 
each other and with other ways of computa- 
tion 
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"42 "DECEMBER 
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Fig. 12. Snipan, u cm/s. Fulldrawn line = mean value 
of u, measured at o m and 25 m depth. Dashed line = 
computed mean velocity for the case Ip.4. 


12 "DECEMBER 
1932 


Fig. 13. Storbrotten, u cm/s. Fulldrawn line = mean 
value of u, measured at o m and 30 m depth. Dashed 
line = computed mean velocity for the case I,. 


Transports in km? 
per 24 hrs. Mean 
values over § days 


Io. 
Hera (1944): a water level sinking of 1 cm/24 hrs 


JACOBSEN (1925): 5/30 times the surface velocity 
at the lightship Drogden (here 53 cm/s)... 


8.85 


Running II was made to get the seiches 
according to NEUMANN (1941). Since, how- 
ever, the long-wave motion is better repro- 
duced by the running I than II for most parts 
outside the Gulf of Finland, it is probable, 


that the waves are not seiches but wind- 
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Fig. 14. Running III; hy cm is given value. 


forced waves in this special case. In no 
running there is a good result for the Gulf of 
Finland. It is to be hoped that a model for a 
branched Baltic will solve this problem better. 
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Conclusions 


This article will show some of the possibili- 
ties of a one-dimensional treatment of the 
Trans-Baltic with the aid of modern compu- 
tors. Given here is only the very first step. If 
possible a continuation with e.g. the following 
steps is planned: 

1) A more careful investigation of the cross 
sections at the sills. Trial with different mesh 
sizes; : 

2) a model for a branched Baltic; 

3) a 2- and 3-layer model for the Trans- 
Baltic channel to give the depths of the density 
discontinuities and the velocities in the differ- 
ent layers; 

4) a lot of cases to be run. 
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Anisotropies in Cosmic Radiation 


By A. DATTNER and D. VENKATESAN, Royal Institute of Technology, Stockholm 


(Manuscript received September 19, 1958) 


Abstract 


The anisotropy of the cosmic radiation outside the geomagnetic field is discussed and related 
to various processes in the interplanetary gas. Special attention is given to the effect of the 
density gradient in the cosmic ray distribution, to the earth’s orbital motion and to the motion 


of the interplanetary gas in the solar system. 


I. Introduction 


Views regarding the constancy and isotropy 
of cosmic radiation have undergone radical 
changes from time to time. It is now gener- 
ally agreed that there are different types of 
true variations of cosmic ray intensity. The 
importance of time variation studies arises 
from the light they throw on the origin and 
general properties of cosmic rays. À unified 
theory which could explain the origin and 
the variations at the same time would be 
doubly attractive. 

Meteorological effects unfortunately compli- 
cate the study of the daily variation of primary 
cosmic ray intensity. Even after correcting 
for these there still remains a daily variation 
of a mean amplitude of about 0.2 % in the 
intensity measured by ionisation chamber. 
In the nucleonic component for which correc- 
tions for atmospheric effects are simple, there 
exists a true daily variation of about 0.5 to 
1.0 % (CONFORTO and SIMPSON, 1957). At 
present all available evidence seems to indicate 
that the daily variation of cosmic ray intensity 
is related to an anisotropy of the primary 
radiation due to influences of the sun. 

The solar daily variation of cosmic ray 
intensity suitably corrected for pressure, has 
in general only two principal harmonic com- 
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ponents: diurnal and semi-diurnal. Some 
years it has been observed that the semidiurnal 
amplitude was of a magnitude comparable 
to that of the diurnal component. Hence a 
consideration of the changes in both is necessary 
to explain fully the observed daily variation. 
But there is a number of factors which make 
it appropriate to consider the two separately. 


It has been shown in great detail in another 
paper (VENKATESAN and DATTNER, 1958) that 
consistent and similar changes are revealed in 
the amplitude and the hour of maximum of 
the diurnal component at the various stations 
in the world. It was shown that the changes in 
amplitude of the diurnal variation follow 
fairly closely the changes in geomagnetic 
activity as revealed by the planetary index 
K,, and again the changes in the diurnal hour 
of maximum follow roughly the changes in 
solar activity as revealed by the sunspot number. 
There is no such consistent behaviour in the 
semi-diurnal component at the various sta- 
tions. It appears that the semi-diurnal compo- 
nent is negligible at the northern high latitude 
station of Godhavn, and most prominent at 
the equatorial station of Huancayo. It seems 
appropriate in view of the differences between 
the two components, to consider them separa- 
tely. 
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The semi-diurnal component needs careful 
study. It would be of importance to look 
into the semi-diurnal component of the 
nucleonic component for which there is no 
temperature effect involved and for which it 
is casier to allow for atmospheric effects. It is 
not possible at present to explain the cause of 
the semi-diurnal component. 

Several effects which contribute to a diurnal 
variation appear as results of Alfvén’s theory. 
These have been discussed by ALFVÉN (1954), 
BRUNBERG and DATTNER (1954) and SAND- 
sTROM (1956). After a review of their results, 
we shall discuss two other possible contribu- 
tions to the diurnal variation which, so far, 
have not been considered. 


2. Alfvén’s Theory 


According to Alfvén, the sun has a general 
magnetic field which outside the sun and in 
the absence of corpuscular beams, approxi- 
mates a dipole field during years of low solar 
activity. However, during periods of higher 
solar activity, the field should change. The 
corpuscular beams emitted from the sun to 
which the magnetic storms, aurorae, and 
certain types of cosmic ray effects are attri- 
buted, transport the magnetic flux outwards 
from the sun, as the conductivity in the space 
is high. The magnetic lines of force in the 
beam should be drawn out in such a way 
that the field falls off, probably in proportion 
to rl, as pointed out by ALFVÉN (1954). 
The magnetic lines of force are frozen into 
the interplanetary matter, which therefore 
takes part in the solar rotation, as pointed out 
by BRUNBERG and DATTNER (1954). With 
the gradual decrease in solar activity the lines 
of force should tend to go back to their 
original configuration of an undisturbed 
dipole field. There should therefore be a 
general movement of the field towards the sun. 
The outflow and backflow of the flux should 
obviously have the same 11-year periodicity 
as the solar cycle. The possibility of changes 
in dimensions of the region taking part in 
solar rotation has been pointed out by VEN- 
KATESAN (1957). 

The logical consequence of this is to ask 
how far out from the sun the frozen-in general 
field of the sun extends. Obviously the solar 
corona should take part in the rotation. On 
the other hand, at great distances the centri- 
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fugal force should predominate over the mag- 
netic forces making co-rotation impossible. 
It seems to be difficult to find out exactly 
where the limit occurs—the calculation requires 
more accurate data about the sun’s general 
magnetic field and about the gas density and its 
distribution in the solar system. Lüst and 
SCHLÜTER (1954, 1955) discussed the problem, 
starting from an assumption of a force-free 
solar field and a gas density of the order of 
10% particles/cm® at the orbit of Mercury. 
The result of this calculation was that co- 
rotation takes place out to Mercury’s orbit. 
It should be pointed out that these results 
were obtained with a rather high assumed 
value of the interplanetary gas density and 
without taking into consideration the influence 
of the corpuscular beams on the shape of the 
magnetic lines of force. 

A qualitative examination of the situation 
suggests the following picture: the sun, visua- 
lized as a magnetized sphere, rotates and the 
co-rotating matter, sticking to the lines of 
force, is pulled away from the sun by the 
action of the centrifugal force. The magnetic 
lines of force are thus stretched and the original 
dipole field of the sun is somewhat disturbed. 
During periods of high solar activity beams of 
highly conductive matter are ejected from the 
sun, carrying with them the magnetic field 
from the vicinity of the sun. The lines of 
force are now considerably stretched and the 
integrated effect of this is a distortion of the 
sun’s general magnetic field such that it 
decreases much more slowly with distance 
from the sun than r-?. A proportionality to 
r-? has been suggested (ALEVEN, 1956). Another 
effect is the increase in the region of co- 
rotation. As we shall see later on, there are 
indications from cosmic ray research which 
seem to be consistent with an assumption 
that the radius of this region is smaller than 
one A.U. during periods of low solar activity 
and bigger than one A.U. during periods of 
higher solar activity. 

The matter in the beam moves with a 
velocity » and carries along a magnetic field 
B. An observer at rest in relation to the solar 
system sees an electric field in the beam 


given by E= — cv x B. Such a field could be 


of the order of 30 “V/cm, and should then 
give rise to a voltage of about 108 to 10° 
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volts across the beam. Cosmic ray particles 
which drift around the sun in trochoidal 
orbits, due to the inhomogeneity of the 
general solar magnetic field, would have to 
cross the beam, losing or gaining an amount 
of energy eV, where e is the charge of the 
particle and V is the voltage across the beam. 
This could produce the 27-day variation as 
well as the Forbush decreases, as pointed out by 
ALFVEN (1950, 1956), BRUNBERG and DATTNER 
(1954) and VENKATESAN (1957). The beam 
could also produce a certain diurnal variation 
effect to be described later. 


3. Effects contributing to the diurnal variation 


Since the diurnal variation has been found 
to be of extra-terrestrial origin, it must be 
due to an anisotropy in the primary cosmic 
radiation. Such an anisotropy could not be 
caused by a cosmic ray source outside the solar 
system. In such a case the intensity would 
reveal a periodicity with sidereal time, and 
no such variation has so far been definitely 
established. Hence the solar time daily varia- 
tion should have a fixed direction of anisotropy 
in relation to the solar system. Further, if a 
mechanism could be suggested according to 
which the direction of the anisotropy was 
determined by the interplanetary conditions, 
then the changes in the direction of the aniso- 
tropy could be accounted for by the changes 
in the state of the interplanetary space. 

An approach which appears fruitful for the 
determination of the electromagnetic state 
in the solar system is the one based on Alfvén’s 
model of the solar magnetic field as sketched 
above. As a consequence of the theory several 
effects immediately follow, giving rise to an 
anisotropy of cosmic radiation. Some of these 
have been discussed before and will only be 
briefly described here. 

The effects to be described contribute aniso- 
tropies in the o, 6, 12, and 18 hour directions 
respectively and are competing with each 
other. Thus a combination of two or more 
effects can result in practically any direction 
of anisotropy. This does not make the solution 
arbitrary, since the relative importance of the 
effects can be determined from the conditions 
in interplanetary space which are known 
from other observational facts like studies 
of solar activity, geomagnetic disturbances, 
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auroral activity, ionospheric and other effects. 
Below we discuss the various sources of 
anisotropy. 


I. Anisotropy due to the particles being carried by 
the magnetic field of the beams. 


The corpuscular beams ejected from the sun 
carry a frozen-in magnetic field and the field 
moves with a velocity which can be estimated 
from the time between a solar flare and the 
incidence of magnetic disturbances at the 
earth. The cosmic ray particles which move 
out with the lines of force receive an additional 
velocity component superimposed on their 
isotropic motion. This will cause an aniso- 
tropy and a diurnal variation with a maximum 
at 12 h. According to COMPTON and GETTING 
(1935) the amplitude of the diurnal variation 
will be given by 


n’ /n=1/(1I—B cosw’)® 


where #’/n is the normalized number of 
particles impinging on a surface moving with a 
velocity fc, c being the velocity of light, and w’ 
is the angle between the velocity vector of 
the moving surface and the direction of the 
moving particle assuming its velocity to be 
almost equal to that of light. For monochro- 
matic primaries and a velocity of 10° cm per 
sec within the beam we get 


n'in & (I+ß cos w’)?=1+0.9 : 10? 


for! @-= 0, “and! fc = 16% Cmi/sec 20.003107 & 
Thus the amplitude of the diurnal variation 
caused by this anisotropy could be of this 
order when the beam hits the earth and only 
monochromatic primaries are taken into 
account. For primaries having an energy 
distribution function a suitable modification 
is necessary, as has been pointed out by Brun- 
BERG and DATTNER (1954). 


II. Anisotropy due to the backflow of the magnetic 
flux to the sun. 


In connection with the 12 hour anisotropy 
we mentioned the outward motion of particles 
with the storm producing corpuscular beams. 
During the same periods the outflow of mag- 
netic flux is taking place. Alfvén has pointed 
out that such a process would empty the solar 
magnetic flux in a rather short time. This 
difficulty is overcome if we make the logical 
assumption that the lines of force which have 
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been pulled out cantract gradually to their 
original position like elastic strings. Such a 
process would result in the gradual recovery 
of the dipole character of the general solar 
magnetic field, and conserve in the long run 
the magnetic flux of the sun. Thus after the 
storms there would be a motion of the mag- 
netic field lines and hence of the cosmic ray 
particles across the earth’s orbit towards the 
sun. It is difficult to determine the amplitude 
of the diurnal variation that arises but it is 
likely that it is of the order of less than 0.04 % 
and the time of maximum 24 h. The effect II 
must cancel the effect I in an annual overage, 
since the life-time of a beam is short com- 
pared to one year and all the particles carried 
away by a beam have to diffuse back in a 
time that is short compared to the life-time 
of a beam. Otherwise the region inside the 
earth’s orbit would be completely emptied 
during periods of high solar activity. 


III. Anisotropy due to the generation of cosmic 
ray particles. 


ALFVÉN (1954) has suggested that cosmic 
ray particles are first accelerated in the vicinity 
of the sun and that there is then a general 
outflow of cosmic ray energy away from the 
sun and across the earth’s orbit. This, again, 
causes an anisotropy and a diurnal variation 
with an amplitude of 0.04 % and a maximum 
at 12 o clock. Such an effect would naturally 
be more noticeable in the years of decreasing 
solar activity. In the years of increasing solar 
activity there could be a reversed direction of 
anisotropy. 


IV. Anisotropy due to the rotation of the solar 
magnetic field. 

During the more active years of the solar 
cycle the neighbourhood of the sun, probably 
as far as beyond the earth’s orbit, is filled with 
a highly conducting medium which takes 
part in the solar rotation along with the sun’s 
general magnetic field. The angular velocity 
of this rotation is w=2 2/27 : 24 : 3,600 and 
gives a linear velocity directed parallel to 
the earth’s orbit, ic. the 18 hour direction, 
v= -Rs.p, where Rs.r is the earth’s orbital 
radius. This velocity should be superimposed 
on the isotropic motion of the cosmic ray 
particles and would cause a diurnal variation of 
amplitude 0.39 % for monochromatic prima- 
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ries as discussed by BRUNBERG and DATTNER 
(1954). As was pointed out there and by S. 
LUNDQUIST (1954) some slight modification is 
necessary for primaries with an energy distri- 
bution function. 


V. Anisotropy during the recovery after a magnetic 
storm. 


During the days immediately following 
magnetic storms certain particles should have 
to cross the beam as pointed out by BRUNBERG 
and DATTNER (1954), K. NAGASHIMA (1955), 
L. J. Dorman and E. L. FEINBERG (1956) and 
DATTNER and VENKATESAN (manuscript under 
preparation). By a graphical method the latter 
have drawn the orbits of cosmic ray particles, 
in the equatorial plane of the sun, hitting 
the earth in directions corresponding to local 
times 0, 3, 6, . . ., hours. From the result it 
was seen that such orbits as enter in directions 
corresponding to local times 3, 6 and 9 hours 
(neglecting the deflection in the geomagnetic 
field for which one could apply a correction 
later) are periodic and hence must cross the 
beam and be retarded. This would give rise 
to a minimum around 6 hours which is the 
same as a maximum at 18 hours. It is obvious 
that the amplitude of the corresponding 
diurnal variation should be less than the 
amplitude of the decrease connected with 
the storm. This effect would, in an annual 
average, be of importance during years of 
high geomagnetic activity. 


VI. Anisotropy due to the earth's orbital motion. 

It has been suggested that the dimensions 
of the part of the solar system taking part in 
the solar rotation vary with time during 
the solar cycle. It is likely that this region is 
biggest at the time of maximum and smallest 
at the time of minimum solar activity. Thus, 
during a period of very low solar activity as 
in, say, 1954, the earth may be situated outside 
this region. Hence the medium around the 
earth is at rest in relation to the earth’s orbit. 
While the earth moves in its orbit, it receives 
more particles on its morning side than on 
its evening side. The amplitude of the diurnal 
variation thus arising, as given by the Comp- 
ton-Getting formula, would be about 0.03 %. 
However, this variation, which should be 
observed at the time of solar minimum, need 
not necessarily take place in every solar cycle, 
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unless the solar activity is so low that the 
earth is likely to be outside the region taking 
part in the solar rotation. 


VII. Anisotropy due to a gradient in the density 
of cosmic ray particles. 


This effect can be understood from a two- 
dimensional study of the motion of charged 
particles in a magnetic field.! 

Let us consider a cloud of charged particles 
moving in random directions in a plane in 
an inhomogeneous magnetic field. If the 
particle density within the cloud was inde- 
pendent of space co-ordinates and if we were 
to determine the number of particles arriving 
per unit time at the surface S within an angle «, 
this would not vary with the angle between 
the direction of measurement and the lines 
of constant magnetic field strength (see fig. 
1). Fig. ı and 4 show the situation in the 
plane perpendicular to the magnetic field. 
Thus the surface S is represented by a straight 
line and « is a plane angle. The measuring 
device will not measure any anisotropy (SPIT- 
ZER, 1956). This can be understood physically 
from fig. 2. In spite of the fact that the par- 
ticles drift to the left we find that, for any 
arbitrary point P, and for a certain energy, 
equal numbers of particles arrive from both 
sides, as the density is constant. 

But if we now introduce a density gradient 
parallel to the field gradient as in fig. 3, 
where the thickness of the line represents the 


grad B 


BQ) 


Fig. 1. A two-dimensional picture of a cosmic ray re- 

cording apparatus with an area S and aperture & together 

with a cosmic ray particle orbit in an inhomogeneous 
magnetic field. 


number of particles in the orbit, we find 
that more particles arrive from the right 
than from the left. Thus we observe an aniso- 
tropy in the particle density. Now we wish 


1 For a complete study of the problem see E. Astrém. 
(1959). 
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to express the intensity measured by the device 
in fig. 4, as a function of the angle y. 

A field gradient alone (i.e., without any 
density gradient) does not introduce any 
anisotropy. On the other hand it is easy to see 
from SPITZER (1952) that a density gradient 


Fig. 2. Cosmic ray orbits passing through point P. 


should cause an anisotropy even in a homo- 
geneous field. We do not know the contri- 
bution from the inhomogeneity of the field. 
Probably it contributes only second order 
effects. For the present we neglect the in- 
homogeneity of the field and calculate the 
anisotropy for the two-dimensional case. 

For a device such as in fig. 4 the particle 
spectrum f(e) is the number of particles 
within a velocity interval corresponding to 
Larmor radii @ to @+de arriving per unit 
length, unit angle, and unit time. The par- 
ticles move in circles and each particle has a 
fixed centre of gyration. Further, there are n 
centres of gyration of particles with Larmor 
radii in the interval o to o+do per unit area 
(not unit volume as we are considering the 
two-dimensional case). The distribution func- 
tion n(x, 0) is a function of 9, and at the same 
time a function of x, which expresses the fact 
that there is a finite density gradient along 
the x-axis. We make the following assumption 
about this function 


n(x, 0) — e-constant : x . £ (0) 


i.e., an exponentially decreasing density with 
decreasing field. The density gradient would 
then be proportional to n. 

on 


— =— #h : constant 


Ox 


Thus the density would change with a certain 
fraction per unit distance and this fraction /unit 
distance would be constant along the x-axis. 
It is important to remember that n(x, @) is 
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the density of the centres of gyration and not 
the particle density; the interchange of these 
quantities can lead to considerable errors and 
general confusion. 

Let us calculate the number of particles 
measured per unit time by the device within 


Fig. 3. Cosmic ray orbits passing through point P. 
Line thickness indicates the number of particles in the 
orbit. 


the interval o to o+do, at an angle y. From 
fig. 4 we find that the particles entering the 
measuring device have their centres of gyration 
in the shaded area. The area is equal to Soe, 
where S is a length corresponding to the area 
of the apparatus. The particles perform w/2x0 
revolutions per second if u is the particle 
velocity and there are n(x, @) centres of 
gyration per unit area. Thus, 


u 
a Be oe 


and 


f(Qo= n(x, 0) 


27 


The dashed area is situated at x =—¢e cos @ 
and a series expansion gives 


n(o, 0) is cos + 
27 TER 


and neglecting derivatives of higher order 
than one we obtain 


fle) v= Hn (0, &) (1 Me cos 9) 


27 0, @) Ô 


7 
For x=0, and 9=- we get 
2 
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which is the spectrum of the particles. 


Hence 
f(Q)e=Sfle)a +#f (2) 0 cos p 
where 
or à 
_n(o, @) x 


Integrating over all energies we get the in- 
tensity in direction 


19 = J f(e)„ do =S f(o)z do + x J f(e) zo cos pdo 
[e] [6] 2 oO 2 
and the amplitude of the intensity variation 
with angle y would be 
I,—In %J f(e)z odo 
2 4 = 


2 


= & 
2 J f(e)= de 


The above discussion can be directly applied 
to the study of cosmic rays. If the density of 


x 


- 


Fig. 4. A two-dimensional picture of a cosmic ray 
recording apparatus with an area S and aperture &. The 
particle orbits are circular since B is assumed constant. 
The centres of gyration for particles recorded by the 
apparatus are situated within the shaded area. 
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cosmic ray particles decreases outwards from 
the sun we should measure a different intensity 
on the morning and evening sides. In fact if 
the solar magnetic dipole is parallel to the 
geomagnetic dipole, we should expect a 
diurnal variation with a maximum at 6 hours 
and an amplitude outside the atmosphere 
equal to 


ar“, fle) ede 


Ig oo 
f f(e) de 


where x has been defined earlier, and f(o) is 
the primary spectrum of cosmic rays. It 
should be pointed out that the spectrum has 
been transformed from energy spectrum, to 
Larmor radii spectrum, using the formula 
for Larmor radius for relativistic particles 


vet 
eT eBc 

However, in order to obtain the amplitude 
at sea level we must use, not the primary 
spectrum, but the effective spectrum, i.e. 
the primary spectrum times the multiplicity 
of cosmic rays due to the interactions in the 
atmosphere. 

From directional measurements it has been 
suggested that the main contribution to the 
daily variation could be considered to be due 
to particles with energies near 25 GeV. If we 
assume the radiation to be monochromatic, 
we obtain the following expression for the 
amplitude 


\/ e? V?+2 eVm, c? 


A. 
7: =x0 


and for particles with energy 25 GeV, o= 
=0.87 :ı0ll m in a field of 10 micro gauss. 
Thus we find the value of x that corre- 
sponds to the measured magnitude of the 


SR al 
variation, ——=0.1 Jee to bers t 2. 10,1:m}!, 


This means that the density of cosmic ray 
particles may not vary more than roughly 
1% over half an astronomical! unit. This has 
to be specially emphasised since such a con- 
stancy of cosmic ray distribution in space is 
absolutely necessary in order not to cause a 
diurnal variation bigger than that observed. 

A theoretical determination of the amplitude 
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of the 6 hour component of diurnal variation 
due to the density gradient is difficult, since 
not much is known about the distribution of 
cosmic ray particles in the interplanetary 
space. Further, it is difficult to decide how a 
possible density gradient would vary with 
solar activity. The purpose of the discussion 
has been to point out a probable effect, to 
explain how the variation of the 18 hour 
component is possible and to show that an 
earlier hour diurnal maximum is not incom- 
patible with the theory. Further, the changes 
in the density gradient could, to a certain 
extent, account for the day to day changes 
in the diurnal variation. 


4. Discussion of observed diurnal variation 


For a comparison of the results anticipated 
from the theory with measurements, we use 
the daily variation data of the Carnegie In- 
stitution Ionisation Chamber for the period 
1937—1955. The mean diurnal variation for 
each year is determined for the stations Huan- 
cayo, Cheltenham and Christchurch. It is 
then corrected for geomagnetic deflection 
using the Brunberg-Dattner curves assuming 
an energy of 25 GeV for the primaries. The 
propriety of using this value has been discussed 
at length by them (BRUNBERG and DATTNER, 
1954) The correction for Cheltenham and 
Christchurch is most reliable and is about 45°, 
or three hours, for both stations. For Huancayo 
the correction is rather uncertain, but correction 
of 90°, or six hours, seems to give a fair 
agreement. It could however be higher. 

The corrected diurnal component for each 
year is then resolved along the o and 6 hour 
directions. A positive value for the o hour 
component then indicates that it predominates. 
over the 12 hour component. We can only 
observe the net result of both. Similarly a 
positive value for the 6 hour component 
indicates that this is more prominent than the 
18 hour component. As pointed out earlier 
the observed diurnal component is the net 
result of the four directional anisotropies, 
which compete with each other to a greater 
or lesser extent. 

Fig. 5 gives the o hour and 6 hour compo- 
nents for all the three stations as well as the 
mean of three. Fig. 6 shows the mean together 
with a measure of solar activity as revealed 
by the mean annual sunspot number R and a 
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Fig. 5. The amplitude of o hr component (at the top) and 6 hr component (at the bottom) of the diurnal varia- 
tion in the primary cosmic ray intensity outside the geomagnetic field. (Huancayo, Cheltenham and Christ- 
church 1937 - 55.) 


measure of geomagnetic disturbance as re- 
vealed by the cumulative K, for the 60 most 
disturbed days in each year. 

There are certainessential differences between 
the K, curve and the R curve. Normally, one 
would have expected the measure of geomag- 
netic disturbance to follow the solar activity 
fairly closely, as the former is attributed to 
the latter. It should be noted, however, that 


the geomagnetic disturbance continues to be 
prominent to the same extent during the 
period 1938—1941 although solar activity is 
rapidly decreasing. Again in 1943, almost 
towards the end of the solar cycle there is a 
sudden increase in geomagnetic activity. 
Further, in 1948, when the solar activity is 
maximum, we have a minimum of geomag- 
netic disturbance, which then rises again as 
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Fig. 6. The mean of the curves in fig. 5 plotted together with the sunspot number R and the sum of K, values 


for the 60 most disturbed days of each year. 


solar activity rapidly decreases. This suggests 
that the characteristics of the beams, like the 
frozen-in field and the resulting electric field, 
change. Hence the combined effect of pheno- 
mena, some of which depend on solar ac- 
tivity and some on the properties of the 
beam, is likely to give a confused picture. 

It can be seen that the 6 hour component 
follows the geomagnetic disturbances fairly 
closely. There is a slight departure only in 
the case of Cheltenham for the years 1948 
and 1949, which needs looking into. In this 
connection it is proper to point out that one 
should not always expect the beams emitted 
to be symmetrical with respect to the earth 
and this could very well complicate the issue. 
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The region taking part in solar rotation should 
naturally depend indirectly on solar activity 
and directly on the activity of the beams. 
The 18 hour component, appearing after a 
magnetic storm, should also depend on the 
geomagnetic activity, which reflects the acti- 
vity of the beams. Only when the solar activity 
is so small that the earth gets out of the region 
taking part in solar rotation, should there 
be a 6 hour component arising from the 
earth’s orbital motion. This appears to have 
taken place in 1954 when we observed the 
positive value which reflects the predominance 
of the 6 hour component. Here the normal 
18 hour component is absent since the earth 
is outside the region taking part in solar 
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rotation. Superimposed on these we might 
have the 6 hour component due to the density 
gradient, the dependence of which on solar 
activity is unknown. In general the 18 hour 
component seems to fit in with the theory. 
The o hour component is a mixture of 
opposing kinds of effects which confuse the 
general picture somewhat. The anisotropy due 
to generation of cosmic ray particles should 
give an increase in the diurnal component 
when solar activity reaches a minimum and 
vice-versa, as pointed out by ALFVEN, (1954). 
The 12 hour component arising from the 
particles being carried by the field of the beam 
followed by the backflow or the 24 (0) hour 
component should show a maximum when 
solar activity is maximum, or rather it should 
also depend on the characteristics of the beam. 
However the latter effects cancel in an annual 
average and hence do not appear in the dia- 
grams. The net result observed is that the 12 
hour component shows a maximum in 1944, 
a minimum in 1947, and a maximum around 
1952—1954 and shows a tendency to exhibit 
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a minimum again in the approaching solar 
maximum of 1957. In 1937—1938, however, it 
does not show a minimum. In fact the value 
does not go down until 1939. It is not clear 
whether the shift in the maxima between the 
Rand K, curve has anything to do with this. 
Again there is a prominent o hour component 
in 1947 when the R and K, curves show 
opposite trends: All this needs careful considera- 
tion and a study of the characteristics of beams, 
their changes and origin, and their variations 
with solar activity might throw more light 
on apparent discrepancies. 
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On Density and Isotropy of an Ionized Gas in a Magnetic Field 


By ERNST ASTROM, Royal Institute of Technology, Stockholm 


(Manuscript received September 19, 1958) 


Abstract 


The relation between the density on the surface |v| = constant in the velocity space and 
the density in the space is treated. The relationship is given by an integral-equation. First the 
three-dimensional case for homogeneous magnetic field is treated, then a two-dimensional 
case in a magnetic field the intensity of which varies linearly with the space coordinate to 
show the dependence on the inhomogeneity in the field. 


I. Introduction 


In a paper DATTNER and VENKATESAN (1958) 
have discussed the anisotropy of the cosmic 
radiation. In the present paper we shall make 
some calculations which may be of some 
interest in this connection. We shall try to 
get a relation between the particle density and 
the isotropy in the velocity distribution, when 
the gradient in absolute value of the magnetic 
field is not zero. To simplify we assume that 
the magnetic field has only one component in 
a Cartesian frame of reference and that the 
density gradient and the field gradient are 
parallel to each other but perpendicular to the 
magnetic field. 

The problem we are going to discuss is 
related to the discussions of CowLING (1932) 
and later Spitzer (1952). The difference is 
that we are interested in the properties of a 
region much smaller than the gyration radius 
but in the referred papers the mean values 
over regions large compared to the gyration 
radius are discussed. The results of these two 
treatments must be related, but are not 
identical. 
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2. A homogeneous magnetic field 


Assume N(x,, yı) particles with velocity v 
have their guiding centres at the point (x,, 
Y1). The velocity distribution is assumed to be 
isotropic. The probability that the velocity 
vector falls within the solid angle dQ is there- 
fore dQ/42. Hence the number of particles 
passing a surface dS situated at the point (x, y) 
within the solid angle dQ round the normal 
to the surface is 


IdSdQ = 
= dSdQN(x + R-sin y, y — R-cos g) (1) 


if @ is the angle between the projection of 
the velocity vector on the xy-plane and the 
x-axis. The magnetic field is in the z-direc- 
tion. 

The particles move in helical orbits. The 
projection on a surface perpendicular to the 


p 


magnetic field is a circle with radius R= a 


-sin@, where © is the angle between the 
velocity vector and the magnetic field lines. 
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Since we then define N at the centre of the 
circular motion but I at the point where the 
particles are actually situated we get the argu- 
ment given in (1). 

The density at a point (x, y) is 


oe) [ELLE © 


Vv 


and the integration has to be extended over 
all particles which pass the point (x, y). 
Let us simply assume N = e~**. Then we 


find 
Ts jt exe sin p (3) 
An 
and from (2) 
| shaR 
aR 


—@. 


(4) 


NIE 


Let us expand I in a Fourier series in gp. We 
obtain 


v 
I(x, 9) = je er], (&R) + 


+ 2 Har) cos » (» = 2) (5) 


v=I 
Since I is symmetric relative to the point 
7 TX 
RE have used p—= as argument 


instead of y. The quantities I,(r) are modified 
Bessel functions of the first kind and order ». 
The relation between # and I in the case of 
homogeneous magnetic field is given by 
the integral equation (2). There exists an 
infinity of linearly independent solutions, J, 
even if # = 0, and hence there does not exist 
a single-valued relation between n and I. If 
we require that all points shall be on the 
same footing as far as possible, we should 
get a single-valued relation. Since we have at 
present no reason for making any other as- 
sumption we have here discussed this simple 
case. 


3. À certain type of inhomogeneous magnetic 


field 


In the case when there is a gradient in the 
absolute value of the magnetic field strength 
we shall make the simplifying assumption that 
the velocity component in the direction of the 
magnetic field vanishes. Thus we determine 
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the number of particles entering a plane angle 
instead of a solid angle. 

We assume as above that the magnetic 
field lines are directed along the z-axis and 
that the gradient in the magnetic field intensity 
is in the x-direction. For convenience in wri- 
ting we give the magnetic field in the form 


eB 
Se SS 5 6 
z 20x (6) 


where e and m are the charge and rest mass 
respectively of the particle under study. We 
restrict the study to the case of a linear gradient 
in the field, and to variation in one Cartesian 
coordinate only. 

The equation of motion is 


mv =evxB (7) 


from which we get 
2 u 
yrx 2: =0 (8) 


A dot means derivation with respect to the 
‘eigen time’ and v is defined so that mv is 
the momentum. If we introduce (6) in (8) 
we can integrate and the result is 


yta?=C (9) 


C is a constant of integration. It is a measure 

of the mean distance of the orbit from the 

y-axis. Since B is independent of time and the 

electric field vanishes identically we have 
x2 + y? = v8 


(10) 


where vo, the velocity of the particles, is a 
constant of motion. Equation (9) and (ro) 


give 
(11) 


Let us introduce the angle œ between the 
x-axis and the tangent to the orbit. Then 


22 + (C = ax?) = 93 


C — ax? 


sin ® = 
Vo 


(12) 

Let us distribute orbits with a given value 
of C homogeneously inthe y-direction and 
distribute particles homogeneously along each 
curve. Then it is possible to get a density 
distribution of particles, which is independent 
of the y-coordinate but shows a characteristic 
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variation with the x-coordinate. The particle 
density is proportional to 


(u) = (vo cos g). 


Let us introduce orbits with different values 
of C and let us introduce a certain density 
A (not particle density). Then we can write 
the density of particles at a certain point x as 


A(x) 
= Vol, 


Vo COS P 


n(x) = 


(13) 


The integration has to be extended over all 
orbits which pass through the point at which 
we want to know the density. 

From equation (12) we get, if x is kept 
constant 


(14) 


If we then introduce œ as the new variable, 
equation (13) can be written 


ns) = fa En +) hea ok 


2 
ax : : 
(= +sin @ is the argument of A and not a 
Vo 


dC 
cos p dp = = 
0 


factor 


Equation (15) is correct as long as the orbits 
have trochoidal character which is the case 


when 
GE 


= ss fe 


Vo 


(16) 


and we shall restrict the discussion to that case. 

If we now interest ourselves in those par- 
ticles I dS dp which arrive perpendicularly at 
a surface dS within the angular interval dp 
we find that 


2 
If, p)= 144 (= +sin@ ) 
0 


‘ 


(17) 


where u, is the ordinary particle velocity. 

Since the density in the physical problem 
does not satisfy (15) when x is below a certain 
value we shall try to get a satisfactory solution 
of (15) when (16) is satisfied, without dis- 
cussing the convergence when x +0. 

When we want to apply this to a particular 
case we may simply try to find a function 
A which makes n(x) a linear function. We 
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255 


shall try to obtain that condition at least asymp- 
totically. 

To get n we integrate A over a small interval 
in x? and hence we can take nn = A as a first 
approximation. If we introduce 


1_, 
1 — k? sin? (2-2) 2 
ah z 4 


k2 


(18) 


(19) 


we find that A, is the first approximation we 
have just defined. Except for a factor inde- 
pendent of k the bracket is one plus the same 
argument as in (15), somewhat rewritten. It 
has been found suitable to introduce the A, 
in (18) as higher approximations. 

The space variation is via k. If x>o we get 
o < k? < 1. Now (15) gives for the n, which 
corresponds to the A, 


fy = 2¢)°k-1-E 


ft, = 20,-k> K 
L3 

ae eE (20) 
5 

n= za gyi [E+ = (B- 2) | 


ELC: 


Here K, E and B are elliptic integrals as de- 
fined by JAHNKE-EMDE (1945). 

Let us try to get a linear relationship between 
n and x when x is large. If we observe that 


& =; re and that k’ ~ 1 when x is large, 
k 20 


we can see that ny shows such a character. By 
adding n,, n, etc. with proper coefficients we 
can obtain a solution the deviation of which 
from linearity starts with a term k?”, where 
we by adding a sufficiently large number of 
terms can arbitrarily specify the value of m. 


2 re 
If EN ROSE ene ear 
EY CEDUL Ce Noes Co 4G 402 
= 256 c, etc. we find that 
(21) 


Hence only terms of 8th order and higher in 
k enter in the resulting expression. 


Ny + ty + fy +g =x(1 +o(ks)) 
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If we now develop I in a Fourier series 
I=I,+1, cos p+I, cos 2p+I; cos 3p+... 
(22) 


TT 


with LAPS RE 


equation (17) immediately shows that all sine 
terms vanish identically. We find 


Yon 
ur 
ee 
te 8 
25 119 (23) 
1+2k2+—.kt A ee 
8 28 
4 
ee (ra alt ion...) 
Ter 125 32 


We also need to know the results in the case 
when the density does not vary with the space 
coordinates. In that special case we get 


n=nA, 
I=u Ay 


(24) 
dn 


Let us now prescribe the value of n, Te 


g= D and dg at a certain but arbitrary point 


m dx 
x,, the point at which we want to study the 
relation between n and J. Let us use the index 
one for those values. As a measure of the in- 
homogeneity in the magnetic field we in- 
48 Vo 
= L 
ke = À 
este 5% 


troduce y= and we then find 


(25 


As a measure of the inhomogeneity in the 
density we may introduce 


“6 
OS iri 


(26) 
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where the prime denotes a space derivative. 
With these notations we can write 


(27) 


n=n, +ni(x- x) + 0(X*) 


Voll 
= oe 
a 


Yon 3 > 
f= Mitta Seat. = 


“a+ oe X +...) 


The analysis shows that if the density is 
independent of the space coordinate, then the 
intensity distribution is isotropic irrespective 
of whether the magnetic field is inhomo- 
geneous or not. Further we find that the effect 
of the inhomogeneity in the magnetic field 
on the J, component is a second order effect. 
The component J, is, in the first approxima- 
tion, proportional to both x and x, i.e. pro- 
portional to both the inhomogeneity in the 
magnetic field and the inhomogeneity in the 
density. The deviation is of the second order 
in ¥. 

The relation between the intensity and 
density is given by an integral equation. The 
homogeneous equation has an infinity of solu- 
tions and therefore we can prescribe n = n(x) 
and further the angular dependence of J at one 
arbitrary point. In the present paper we 
wanted all points to be on the same footing, 
as far as possible, and therefore the discussion 
could be simplified as this paper has shown. 

It is possible to use the solution of the 
homogeneous equation (15) to construct the 
solution of the inhomogeneous equation. The 
solution will then be a linear term in x and a 
remainder, which is expressible in Fresnel 
integrals and trigonometric functions. In the 
present connection the method we have used 
seems to be the most useful one of the two 
solutions. 
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Kartenmässige Darstellung atmosphärischer Felder auf dem 


Schirm einer Kathodenstrahlrôhre* 


Von F. WIPPERMANN, Technische Hochschule Darmstadt, Meteorologisches Institut 


(Original manuscript received August 8, 1958; revised manuscript September 15, 1958) 


Abstract 


Short description of a program which allows to display on the screen of a cathode ray 
tube by iso-lines an atmospheric field given for discrete grid-points only. 


1. Einleitung 


Die heute zur Verfiigung stehenden elek- 
tronischen Hochgeschwindigkeits-Rechenauto- 
maten ermöglichen bereits einen wesentlichen 
Gewinn an derjenigen Zeit, die zwischen der 
Austellung der synoptischen Beobachtung und 
der Fertigstellung der hierauf beruhenden 
Wettervorhersagen verstreicht. Diese Maschi- 
nen gestatten — zunächst nur für die soo mb 
Fläche — eine vollständigere und rationellere 
Ausschöpfung des Beobachtungsmaterials, eine 
schnellere Erstellung der (objektiven) Ana- 
lysen und durch Vorausberechnung auch eine 
schnellere und bessere Erstellung von Vor- 
hersagekarten. Diese Vorzüge werden in ab- 
sehbarer Zeit auch für die andern Druck- 
flächen ausgenutzt werden können. 

In einem Missverhältnis zu den Leistungen 
dieser Automaten steht jedoch, was die Zeit- 
dauer anbetriftt, die Ausgabe der Rechenre- 
sultate aus der Maschine. Hierfür verwendet 
man an die Maschine angeschlossene, durch 


1 Die Durchführung nachstehender Untersuchung 
wurde ermöglicht durch Unterstützung des Air Research 
and Development Command, United States Air Force 
unter Kontrakt Nr. AF 61-(514)-1211-C mit dem 
Deutschen Wetterdienst, Zentralamt Offenbach/Main. 
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Programm gesteuerte Zeilen-Schnelldrucker 
welche die errechneten atmosphärischen Feld- 
funktionen an den Punkten des verwendeten 
Gitternetzes in Tabellenform ausgeben. Diese 
Ausgabe macht ein manuelles Einzeichnen 
der Iso-Linien erforderlich. Dieses lässt sich 
teilweise durch ein Ausgabeprogramm umge- 
hen, welches den Druckapparat derart steuert, 
dass die Areale zwischen bestimmten Iso-Linien 
mit bestimmten Symbolen des Druckers aus- 
gefüllt werden. Vergl. STAFF MEMBERS MET. 
Inst. STOCKHOLM (1954). Auf diese Weise wird 
bereits die Konfiguration des betreffenden 
Feldes sichtbar. 


2. Ein Bildschirm-Ausgabeprogramm 


Von den grossen Rechenautomaten sind 
verschiedene Typen, so zum Beispiel die 
Type IBM 704, fiir welche das beschriebene 
Programm erstellt wurde, mit einer Katho- 
denstrahlröhre versehen. Auf deren Schirm 
können die Resultate in Diagrammform dar- 
gestellt zum Aufleuchten gebracht und photo- 
graphiert werden. Die Darstellung eines aus 
der Maschine auszugebenden atmosphärischen 
Feldes durch Iso-Linien auf dem Schirm einer 
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derartigen Rühre erweist sich als ein weiteres, 
noch schnelleres, dem Zeilen-Drucker über- 
legenes Ausgabemittel. 

Döös und Eaton (1957) geben bereits ein 
Verfahren von BRING an, atmosphärische Fel- 
der auf dem Schirm einer Kathodenstrahl- 
rôhre darzustellen; hierbei erscheinen jedoch 
die Iso-Linien diskontinuierlich und von un- 
gleicher Stärke. 

Auf dem zur Type IBM 704 gehörenden 
Kathodenstrahlschirm IBM 740 CRT können 
I 024 x 1024 verschiedene, durch entsprechende 
Koordinaten ansprechbare Rasterpunkte zum 
Aufleuchten gebracht werden. Abzüglich des 
für die Bezifferung des Gitters (siehe Abb. 2) 
und die Beschriftung des Bildes benötigten 
Platzes verbleibt bei einer aus programmtech- 
nischen Gründen zweckmässigen Wahl von 
25=32 Rasterpunkten für die Gittermaschen- 
weite Raum für ein Gitter von 31 x 28 Gitter- 
punkten. Da in den numerischen Vorhersage- 
verfahren die Gittermaschenweite zumeist 
einer Entfernung von 300 km auf der Erdober- 
fläche entspricht, kann durch das Gitter auf 
dem Bildschirm noch ein Bereich von ca. 
7,3 : 10° km? überdeckt werden. Siehe hierzu 
Abb. 1. Das Programm vermag jedoch Felder 
beliebiger Grösse, gegebenenfalls in mehreren 
beliebig ausgewählten Teilen (von maximal 
31x28 Gitterpunkten) auszugeben, sofern 
das auszugebende Feld nur rechteckig ist und 
systematisch hintereinander gespeichert wurde. 

Durch kubische Interpolation werden die 
Werte der Feldfunktionen an einem verfeiner- 
ten Gitter (halbe Maschenweite, 16 Raster- 
punkte) erhalten. Nur unmittelbar am Rande 
der Felder wird diese Interpolation quadratisch 
durchgeführt. Der Reihe nach wird Zeile für 
Zeile in jedem der so entstandenen 60 x 54 
Quadrate für alle 4 Quadratseiten festgestellt, 
ob sie und gegebenenfalls von wievielen Iso- 
Linien geschnitten werden. Der Funktionswert 
der jeweiligen Iso-Linie sowie die genauen 
Koordinaten des zugehörigen Schnittpunktes 
werden ermittelt und im Speicher notiert. 
Ein weiterer Programmteil sucht dann für 
jedes dieser Quadrate die jeweils zusammen- 
gehörenden Schnittpunkte auf den anliegenden 
oder der gegenüberliegenden Quadratseite auf; 
zwischen beiden kommt eine geradlinige 
Verbindung zum Aufleuchten. Hierbei muss 
eine von der Neigung der Verbindungsgeraden 
unabhängige gleichmässige Leuchtintensität 
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Abb. 1. Wetterkartenbereich, der auf dem Schirm einer 
Kathodenstrahlröhre zur Darstellung gebracht werden 
kann. 


der Linie sichergestellt werden. Die Iso-Linien 
ergeben sich somit als Polygonenzug, was nur 
bei einer stärkeren Krümmung der Linien 
noch zu erkennen ist. 

Die Wertdifferenz zwischen zwei benach- 
barten Iso-Linien ist verhältnismässig frei 
wählbar und wird mittels einer Parameter- 
karte eingegeben. Ein spezieller Programmteil 
bewirkt zunächst eine Kontrolle der Linien- 
dichte, deren Maximalwert so festgelegt ist, 
dass höchstens 8 Iso-Linien eine Seite eines 
interpolierten Quadrates schneiden können. 
Übersteigt die Liniendichte diesen Wert an 
nur einer Stelle, so verdoppelt das Programm 
automatisch die Wertdifferenz zwischen zwei 
benachbarten Iso-Linien. Sollte die sich so 
ergebende Liniendichte immer noch zu gross 
sein, so wiederholt sich der vorgenannte 
Vorgang nochmals. 

Die Identifizierung der einzelnen Iso-Linien 
erfolgt durch Heraushebung einer Grund- 
linie, deren Wert ebenfalls mit der Parameter- 
karte eingegeben wird. Sie erscheint mit stär- 
kerer Intensität und gestattet es, von ihr aus 
abzuzählen. Bei Ausgabe eines weniger ein- 
heitlichen, gradientschwachen Feldes bietet das 
Programm die Möglichkeit die Linien ab- 
wechselnd mit starker und schwacher Inten- 
sität darzustellen. Hierdurch können relative 
Maxima und Minima besser mit ihren Werten 
erfasst werden. Es ist aber auch eine Dar- 
stellung möglich, bei der die Intensität der 
Linien vom Vorzeichen ihres Wertes abhängt. 
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Abb. 2. Photographie eines Isohypsenfeldes auf dem Schirm einer Kathodenstrahlröhre. 


Durch Hebelstellung kann über das aus- 
gegebene Feld zur Orientierung ein feines 
(jede Linie) oder ein grobes (jede dritte Linie) 
Gitter gelegt werden. Die Beschriftung am 
unteren Bildrand setzt die vorherige Eingabe 
der sich von Bild zu Bild ändernden Schrift- 
zeichen mittels einer Parameterkarte voraus. 
Das Programm selbst enthält einen Katalog 
zur alphanumerischen Beschriftung, in dem 
jedes der gebräuchlichen Symbole durch ein 
Wort dargestellt ist. 

Das Programm enthält 1 826 Befehle. Der 
Zeitbedarf liegt je nach der Liniendichte 
zwischen % und ı Minute. Für die Dar- 
stellung (Abb. 2) der absoluten Topographie 
soo mb mit Isohypsen von 2 zu 2 dm werden 
58 sec benötigt. Bei Darstellung der gleichen 
Karte mit Isohypsen von 4 zu 4 dm, dem 
Linienabstand, wie er im allgemeinen synop- 
Tellus XI (1959), 2 


tischen Dienst verwendet wird, beträgt die 
Ausgabezeit 44 Sekunden. 


3. Wetterkartenfilm 


Mit der Ausgabe atmosphärischer Felder in 
Iso-Linien-Darstellung auf einem Bildschirm 
ergibt sich die Möglichkeit, die voraussicht- 
lichen Veränderungen mittels eines Filmes zu 
studieren. Hierzu liegen die Erfahrungen bei 
der Herstellung des Isobarenfilmes von MiccE 
(1938/39) vor, für welchen allerdings eine 
lange Serie zeitlich interpolierter Bodendruck- 
karten (also die tatsächlich eingetretene Wetter- 
entwicklung) photographiert wurde. Danach 
muss, um einen kontinuierlichen Ablauf zu 
gewährleisten, das Feld nach jeweils 3 % Mi- 
nuten Weiterentwicklung wieder dargestellt 
werden; die Zeitraffung, d.h. das Verhältnis 
von Ablaufgeschwindigkeit des Filmes zur 
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Ablaufgeschwindigkeit der Vorgänge in der 
Natur beträgt dann ungefähr 2 000. Bedenkt 
man, dass die Verwendung eines nichtgeo- 
strophischen Prognosenmodelles, in dem die 
internen Gravitationswellen nicht eliminiert 
sind, Zeitschritte von 15 oder sogar 7% 
Minuten erfordert, so bedeutet die Rechnung 
mit Zeitschritten von 3 % Minuten nur noch 
eine Vervierfachung oder Verdoppelung des 
Aufwandes an Rechenarbeit. Der jeweilige 
Filmvorschub kann einprogrammiert werden. 

Einer praktischen Anwendung steht jedoch 
zunächst noch eine zu lange Erstellungszeit 


LETTERS TO THE EDITOR 


fiir einen derartigen Film entgegen. Die zum 
Ablauf einer 72-stiindigen vorausberechneten 
Entwicklung erforderlichen 1152 Kartenbilder 
benötigen alleine 13,87 Stunden lediglich zur 
Darstellung auf dem Bildschirm (pro Bild 45 
sec gerechnet). 


4. Schlussbemerkung 


An der Ausprüfung des Programmes hat 
Frl. Cu. Hüsner entscheidenden Anteil ge- 
habt, wofür ihr an dieser Stelle gedankt sei. 
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“Statistical Forecasting Operators Based on Dynam- 
ical Equations’ by Duane S. Cooley, Tellus, 10, 


PP. 331—341 (1958). 


Dear Sir, 


In this valuable article Dr. Cooley reports that 
the non-linear terms as predictors of 24-hour height 
change in a linear regression scheme add insignifi- 
cantly to the reduction of variance obtained by the 
linear terms alone. He states (p. 339) that “one 
should not infer directly that their value is small in 
dynamical forecasting. However, it is not believed 
that statistical and dynamical forecasting techniques 
are so greatly different that there are not some 
serious implications about the relative importance 
of these non-linear terms for dyriamical forecasting 
also.” 


It seems evident to me that there are no implica- 
tions whatever about any such relative importance. 
Dr. Cooley has already pointed out (pp. 337—338) 
that the dynamical forecasts are made in one-half- 
hour time steps. If they were made with a 24-hour 


Forecasting 


forward time-difference, the forecasts would un- 
doubtedly achieve on the average an insignificant 
reduction of variance. Everyone who has worked 
with maps in the laboratory will testify that a me- 
chanical forecast from a single tendency computa- 
tion is without value. Dr. Cooley’s statistical method 
should be compared in this regard not with the 
JNWP forecasts, but with the graphical technique 
originated by R. FyOrrorr (Tellus, 4, No. 3, 1952). 
Here again the instantaneous velocity field is never 
used for advection, but a space-mean velocity 
field, and for best results even this field is modified 
in accordance with the intuitive expectation of 
the forecaster. It would be interesting to know the 
contribution to reduction of variance in Dr. Coo- 


of 


ley’s method of Fjértoft’s advection term Ps 
s 


It would also be interesting to see the results of 
applying the operators to independent data. 
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In conclusion, therefore, the relatively small im- 
portance of advective terms in the statistical scheme 
described is a measure not of their importance in 
the dynamic equations, but rather of some average 
rate of change of the wind field during the forecast 
period. 


Yours very truly, 
MORTON G. WURTELE 


University of California 
Department of Meteorology 
Los Angeles 24, California 


Reply 
Dear Sir: 


I wish to thank Professor Wurtele for his com- 
ments on my paper. 

The remarks quoted from the final portion of 
my paper should have been phrased as a suggestion 
rather than a conclusion. Certainly Professor Wur- 
tele has a firm theoretical basis for his point of view. 
However, empirical evidence from my paper and 
others indicates that the non-linear vorticity advec- 
tion terms are not being incorporated effectively in 
either the dynamical or statistical forecasting proce- 
dures. 

In reply to Professor Wurtele’s comments, I 
wish to point out the results of the forecasts made by 
THOMPSON and Gates (1956), by numerical solution 
of both the barotropic and thermotropic equations 
using the initial data for the same 30 days (60 cases 
in January, 1953) and nearly the same area (North 
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America) as used in my study. Table I of their 
paper states that the barotropic soo mb forecast 
height changes had a mean correlation with the 
observed changes of 0.74 and had a mean RMS 
error of 229 feet per day. The 500 mb thermotropic 
forecast height changes also correlated 0.74 with the 
observed changes and had a mean RMS error of 
231 feet per day. 

Thus, the vorticity and thickness advection terms 


JI(Zs — 210), V ? (Z5— Z10)] 
J(Zio V? Zio J (Zu Z5 — Z10) 


which appear in the finite difference form of the 
thermotropic equations but not in the barotropic 
equations added nothing to the soo mb height 
change prediction when dynamical methods were 
used. 

The statistical operators have not been applied 
to the study of the reduction of variance of the 


advection term Vig nor to independent data. 
s 


Sincerely, 
DUANE S. COOLEY 


Meteorological Development Laboratory 
Geophysics Research Directorate 

11 Leon Street 

Boston, Massachusetts 
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BOOK REVIEW 


C. F. RICHTER, Elementary Seismology, W. H. Free- 
man and Co., San Francisco, 1958, 768 pp. 


In order to appreciate the importance of this book, 
not equal to anything earlier in print, it is necessary 
to start with a few words about the author. Dr 
Charles F. Richter is Professor of Seismology at the 
California Institute of Technology in Pasadena, 
California. He took his Ph. D. in 1928 with a thesis 
in quantum physics and started his work at the 
Seismological Laboratory in Pasadena already in 
1927, the year of its foundation. The intention was 
that he should work on theoretical problems, but he 
soon found out the necessity of observational data 
for à fruitful research. Since Professor B. Gutenberg 
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came to the Laboratory in 1930, there appeared a 
long series of joint papers by Richter and Gutenberg, 
culminating in the famous book “Seismicity of 
the Earth’’. Richter is the father of the magnitude 
scale, first published in 1935, and later very much 
extended; this scale has placed earthquake statistics 
on a sound basis and is indispensable for simple 
energy computations etc. Richter has worked 
extensively on the seismicity in southern California 
both by seismogram studies and field investigations; 
he is famous for his detailed analysis of the large 
number of aftershocks of the Kern County earth- 
quake in 1952. Few, if any, seismologists have an 
experience in interpretation of seismic records, 
comparable with Richter’s. It is of extremely great 
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value to geophysics and geology that Dr Richter 
has now compiled his more than thirty year long 
experience in a book. 

The title of the book appears a little bit modest to 
the reviewer, and reminds of the German “kurze 
Einführung” as a title of a book with at least one 
thousand pages. Richter’s book is elementary in 
the sense that it is a very thorough treatment of the 
elements of seismology, and it can be read also by 
beginners without knowledge of the subject, or by 
people who do not like mathematical developments. 
On the other hand, it is an advanced treatment 
with a large number of references after each chapter 
(including very recent literature as well as more 
historical papers, the total number of references 
being around 790), and it is therefore indispensable 
for the professional seismologist in his research 
work. Dr Richter has a very extensive knowledge 
of the seismological literature, obtained by reading 
papers (sometimes with an assistant’s help) not only 
in nearly all western languages, but also in Russian 
and other Slavic languages, sometimes even in 
Japanese. Much material, otherwise inaccessible to 
seismologists, has thus been presented in the book. 
Moreover, this presentation has been made with 
great care and selection, and Dr Richter has con- 
stantly used his critical attitude, based on his long 
experience. This is naturally of great help to the 
reader, especially as descriptions of earthquakes 
frequently contain many uncritical or misleading 
statements. 

Seismology is taken to mean the study of earth- 
quakes in all different respects in this book. Although 
several scientists like to include in seismology an 
equally thorough treatment of the physical pro- 
perties of the earth’s interior, this does not diminish 
the value of the book. 

The presentation is very clear and attractive and 
mostly written in a charming personal style. Small 
anecdotes, scattered throughout the book, help to 
cheer up the reading. The division of each chapter 
into numerous smaller paragraphs, each with an 
appropriate heading, facilitates the reading consi- 
derably. A large number of good figures (in all 
around 190) illustrate the text. 

The book is divided into three parts. The first part 
deals with the Nature and Observation of Earth- 
quakes (24 chapters). This part gives a thorough 
treatment of all elements entering into the earth- 
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quake study—the nature of the motion; foreshocks, 
aftershocks, earthquake swarms; various effects of 
earthquakes; intensity, isoseismals, magnitude and 
energy; faulting; deep-focus earthquakes etc. There 
are also chapters on seismograph theory and practice, 
and on elementary theory of elastic wave propaga- 
tion. Methods of locating earthquakes and the inter- 
national collaboration in seismology have also 
received considerable attention. Practical and engi- 
neering aspects as earthquake risk and protective 
measures are dealt with in one chapter. Detailed 
description of a few sample earthquakes is given. 

The subject of the second part is the Geography 
and Geology of Earthquakes (9 chapters). A descrip- 
tion is given of the seismic conditions of our globe 
with much material, such as maps, taken over from 
the book “Seismicity of the Earth” and earlier 
publications, in some cases revised. Especially 
detailed study is made of the seismicity in California, 
New Zealand, and Japan to Formosa. 

The third part consists of 17 appendixes, con- 
taining much information of use in practical work, 
such as transit-time tables, magnitude charts, 
methods of location of shallow teleseisms, near 
earthquakes, and of deep-focus earthquakes. Several 
basic, theoretical derivations, as calculations of 
velocities within the earth, reflection and refraction 
of seismic waves, elastic wave propagation theory 
etc are summarized. The intensity scales are given 
with notes and addenda; there is a table of angles of 
incidence; a selected list of seismological stations; 
lists of large earthquakes; and a useful chronological 
bibliography of investigations of earthquakes. In all, 
the book contains around so tables and ends with a 
very complete index, filling 30 pages. 

In conclusion, I wish to emphasize the importance 
of this book not only for the beginner in the subject 
but also for the advanced student and the research 
worker. It will certainly prove to be of great value 
in teaching as well as in seismic routine work and 
especially as a reference book in future earthquake 
investigations. Also scientists of several other fields, 
especially tectonophysicists and geologists, will find 
much valuable information in this book, as e.g. on 
faulting and other tectonic phenomena. 


Markus Bath 


Seismological Laboratory 
Uppsala 
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261 
° O ug/m® 
2% 7 
x2 S | Cl} a | Na} K |Mg| Ca 
Z 
Air November 1958 (L 811) 

17 —| — 

8} 2.8] 5.2) 1.6| 6.4] 7.4| 0.6| 7.5 
22228] 0.0} 8 O17 0.0.7 0.0) 2 097 10.253 
2010. 22310322 0:2:01°7.3127:91..05| 353 
271123.812.0.8107.3| 7:51 22.20.07|759 
26 x x x x X| x x 
SLi mal 
27 X X X X X X X 
1618321820) 7.0|0.7.01276, 1.0708 
T812.0:811.0.010.7.0. 232.8 leet art Ser 
27\105 410707) O.O lm OL Oe 
PAL rill 120 8257623182716. all ete} 
28] 0.9] 4.4] 3-5] 1.0] I.1| 0.3] 3.8 
15| 2-4) 3-7) 1.4| 7.1) 1,3) 0:6|, 5.5 

270| 5.0| 7.3|ıı. | 4.6| 6.0| 24. | 26. 
7910.2.91 1.81 27 2 7.081.202 1.2225 
20 x x x x x x x 
32, le Glen 
45 73] 

x — =) — | 
25100:3124:718 2.512 0.81.7.007.2|03%4 
28 | — — — —| —| — 
AA 5.21 3.11 3-8] 2.0) 2.9.7.1 0.7 
30] 17 2.4| 3.5| 2.4| 3.3] 4.6| 14. 
22) — 

Sol) als ee alas Ce 

59/14. | 5.3] 4-6] 3.7| 3-7| 1.0] 5.2 
52 = SE 
36 —| — 

69| 0.8) 8.2] 2.5] 4.5| 1.6| 2.2] 26. 
52| le 3 Sai 
26 

39, alle ae air eS alae sit Ee 

34] 9.0] 12 5.3] 4.4] 5.7] 5.0] 26. 
Ts 2 
18 
277 | air coc 
OR MINS 
ST FA ER ESS || ES 

120] 4.31. 8.5] 2.9| 6.7) 2.6] 3.7| 9.0 
15| 2.4| 3.8] 1.2] 0.6] 0.3] 0.4] 11. 
13| 3.0] 5.0] 2.0] 0.7] 2.0] 2.1] 12. 
Gale Sal TEE He | | VS 
13| 4.6) 1.8] 1.5] 0.7] 1.1] 0.4] 5.3 
20] 6.9] 4.0] 3.2! 0.9] 0.7] 0.9] 9.0 
2310.7:21 5:0 22:71.0:51.°0 0.7| 37. 
12125183 102018227140 T7 
Sole ml se dl 08 
>, el 
Sa | N lee es 
40 ga el | | a Sa 
AO a le 
NO ae: 
ar Ne al gl ES 


mg/m? NES Be 
= Lo ; 
mm Z 4 Pe eee eae A 
S| Cl | G | |: Na |K|Mg| Ca 0 + S | Cl] # | Na! K |Mg| Ca 
AZ ini a 
Precipitation November 1958 (D 811) | Precipitation November 1958 (D811) © | - Air November 1958 (L 811) _ Air November 1958 (L 811) 
29| 88 79| 15| 68 57 20.01 21.4.0 |. 582, ZI ZZ le — 
27|104| 129} 13| 104 7ol111| 16 AOÏ MO O1 58 70 —ı — Sl EEE 
18| 88 54| 12] 50 46| 12] 11 20) 4.3 al ya ZZ 
14| 72 28] E11] 52, 77.20 18 I] 49 —| 64 
28| 77 99 9| 26 65} 8] Io 28] 4.4, —| 49 
11| 66 23| 11| 56 UN) be A 24.01 RE CO Mn = 
45|103| I 478 4 7| 839| 31] 132 45| 5-3 6] 123] 1.4] 12.) 0.6/2.6) 0.4] 0.5) © 
30] 65| 824 3 6| 458] 21| 42 24| 5.3 o| 103] oO 7-Al 0.51. 1.71 0:91 02170 
14| 27 65 3 6 49| 9 9 19| 6.5} 52] 40| 20 7.3) 2.8| 1.0] 0.4] 0.71 © 
29| 33 38 4 8 27| 8 8 40| 6.4| 39| 20|31 8:6) 2.4], 1.7| 0.41.0210 
70|109| 135 67302 3891 200.73 TAI 0:01 1591 321)" 3-3), 2.71, 2.3|, 4:07 2.01.0250 
En 23 11 3:9 1.5), 2-4) 0515021850 
14| 65} 104 8 29 36| 10) 16 39| 4.5 6” 76) 61.) 13.114 6:2] 2-0] 0:8] 1.2150 
23/115 88} 15] 58 34| 15] I1 40| 4.6 ol 68|50. | 12. | 5.4] 1.2] 0.8] 1.0] o 
48|124| 175| 20| 49] 271| 14| 15 62| 6.8| 154] 47|22. | 8.6| 4.7| 1.4] 0.6| 0.8] o 
6G1|158| 1 580| 16} 33| 858l108| 93 79| 0.01 20], 204] 74-21 6.3]. 2.610.2.1120: 4 o fo) 
69/166] 1 663] 25 6 6.1 14] 105 —| .— 
78|156| I 186 2 8 5.7 INR nat et = — 
56 731 £34) 22| 28 5.8 Bille Sx) ehe et 
45[153| 185 3) 24 51 Ql 45 EL ce nl 
52| 73 88 4 5 CKO eis Be) ee OU tr) — 
841108 5 37011341 30 | —| 5.9] 16 2, | — == 
107|128| 599 6 6 —| —| — | OR" by |i AO Sse eh = — 
661132] 771} 22] 20) 415| 19| 59 61] 4.3 o| 63119.5|15.9| 3.1| 6.4| 0.7] I.1] 3.2 
19} 67 64) 18] 47 29] 9 8 43| 4.3 o| 80] 15.7] 5-9] 4.6] 2.6] 2.0] 1.1] 2.8 
II} 16 5235| 22 LO) Tal) 7972132102462 o| 164] 5.0] 23.0] 6.7] 6.4] 2.5] 2.9) 1.8 
46] 25) 155) 52| 54 26| 32} 70} 635] 6.0] 80] 143] 10.4] 10.4] 7.6] 3.4] 2.9] 2.4] 7.7 
531128 ZI 25 Ay 8} 10} 27] 00} 4.6 o| 37| 59.2] 24.5] 13.8] 4.6] 4.6] 8.5] 12.9 
55/104 022) LO 72020 7 2710 4.2 o| 35| 5.4110.9| 2.7| 5.2] 2.5] 2.6|15.5 
88|101 0. 27,16 6| 11 7 48] 4.3 o| 23] 40.3] 49.3] 12.5] 22.4] 13.0] 12.1] 62.8 
44| 77 18| 15| 19 7| 48) 14 2|° 4.9 ol 36] 27.2] 6.3) 15.9] 0.9| 0.41 13.1] 7.7 
42| 34 4| 39 o 19| 7| Io; 168| 5.8| 55| 34| 2.0) 11.6| 4.3] 6.7| 1.0| 2.0] 10.7 
49| 74 191 2822 a REG = Bue} 49] 5.0 ol” 27) 1.8) 4.5] 2.1] 2.71 0.912083 249 
22 WEN II) TO" 31T 21726 9 61| 5.8] Sol 47| 2.4| o 6.4| 0.9| 0.5} 0.4| 1.6 
22.1027 39 7 3 3| 42| 41] 190| 6.4| 320] gı| 0.9| 2.71 14.0] 2.3] 1.5| 1.2] 3.6 
33| 60 Or INT 4) 5| Io 50] 5.8 ol. 231. 8,2] T.2] 4.51 0.31.04] 04222 
96/125 19 ITS NAN 96| 5.7] 80] 16] o 0.5} 2.7] T.4| D.5| 0.8) 1.7 
321 1310.452| 2117 7222107121735 27| 4-2 0]. 79] 30:11. 7:7] 4 SIN 6:6) 1.31 2.81 sex 
14| 55 351 171 24 15, 5 8 IQ} 4.0 QO} 741338) 1.2) 5.9] TON 1.0] 7.51 Toa 
27| 75 77 BLS) 20 42} 8| 13 21| 3-9 Oo} 65] 18.8] 7.5] 5.2] 3.8] 1.5] 2-0] 0.9 
40} 63} 128 9| 16 70| 42| 14 24| 4:3 OQ} 39127.6| 4.3] 6.5] 0.7| 1.1] 2.4] 4.7 
42] 83) 149] 14] 7) 37] 13] 14] 38! 42] of 55] 87-8} 15-7] 6-4] 3.7] 1-6] 2.7] 1.3 
8003472741 7171733 40| 15| 12 52] 4-5 0| 31) 14-1] 5.3] 2-3) 0.4| 1.I| 1.2] £3 
42| 17 15] 19 3 2912.60, 8% 17| 4-5 O| 22|17.4| 6.2| 6.0| 1.3} 2.1| 1.6] 0.6 
40| 48 2812. 031, 08 22| 14] 12 9| 4.6 0| 37) 52-8] 14-4] 5-2] 0.8] 3.5) 1.1] 2.2 
40} 8} 199] 16] 27 Or) {Si 13 26) 4.8 0 33] 7.110841" 5.2] 1.2| 1.8.24 17 
AO = 7 6 SL. 201 272 26| 4.8 ol 14 — | ee 25 
55) — — lee 9 Sl er u Ir 23| 4.8 9, ,241 7-3) 8.7) 3-4) 0.41 7.202. 2.51.02 
55| — — 8 3 29| 8 7 SR). 5:1 O| 19| 17-0] 15.2] 2.4] 0.4] 0.8] 1.0| 0.3 
59| — = 13 5 TO 27 5 74| 4-9 OM 23| 2.41 11.7] 2.4) 0:81 1.7] 24023 
200/130 67| 59| 150 26| 33] 70| 460] 6.2] 37| 28] 4.6| 1.7| 5.2| 3.5] 1.6] 2.1] ro. 
= ~~ Precipitation December 1958 (D 812). 4 7 Air December ol Bic) = December 1958 (D 812) 17 1 Precipitation December 1958 (D’ Bıa)t — 7 FF] Aa December NE Bra Air December 1958 (L 812) 

38| 10 43 4 2 151, 7 3 22| 5.9] 13 8 — — — — —| — — 
16| 6 15 2 I 6| 4 2 TI 5.7 ESL SOW 52 ee org: Teil ex 
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RE ee ee 
mg/m? = le u.g/m? 
Io 
g um 2 | 4 sul Lila Z 
= Sel Oo | ct | Na | K | Mg] Ca 5 LE S | Cl | + | Na! K | Mg] Ca 
Precipitation December 1958 (D 812) Air December 1958 (L 812) 

Ar 13] 16 10 3 4 4| 8 2 22) 5.9] 18} 18) 2.2] 0.0] 1.6] 0.6] 2.1] 0.4] 6.5 
Oj 24| 20 9 ie EE 4, 8 2 301.3 oO} 18} 3.3] 1.2] 3.0] ro] 12.5] 0.5] 4.7 
Rö 39| 38 231% 10 7 rm 7 4 35| 4.7 OG 2. Ol Le rs | RTS | 
= 39| 24 24 9 6 Io] 18 3 21| 5.0 or 102% x x x x x x 

F El 23 le 
Fö 53|-40] 24| 2| 2 8 44] 4] 50| 5.4 RENE ER: 
Rä 29| 23 T2 Io 6 6| 6 312 200|F 0.312400] (63/1 xX x x x x x x 
Äm 73| 36 21 9 o 24| 12 4 45| 5.7 Ole 14/5 0:0)5 2.21 r 7 ro Er 41) 0:3|. 3.9 
Sa 51| 36 FAN 14120 14 OVE 6 35| 4.9 Ours 4" 1-0) 7.210.0:0]110.8]5 0.0|. 0.0 
Ul 54| 47 25106 TO ET 7 12| 8 5 19| 4.8 ORAN TO rs rs 310.4 
Er 72|TTO ITTON 151. ERINTLO| 20 IT 90| 4.9 ER BEL RL TB RE EC DS PE 
St 54| 46 201 TOM TE 12/012 6 54| 4.6 or 2816 4.618 7.215 1.9|1 0.110.055] 0.0, 0.2 
Fo 69| 34 Ig} I4 9 tal 6 4 27| 5.6 OR THE 2 2/01. 5il D5 |e ak-4) en. O|F 0,.0| Tar 
Kvı — —|'53. | 7.9123. | =2.0) 7.7) 23. | 56. 
Kv7 67| 41 DLE 2m 26 27| 12 7 65| 5.4 CNET Xa CURE CE SI CET) >22 
VK 49| 30 Saleelon 2k 18) 15 6 55| 5.2 Ole Zulia TO) Pn. SO: 5 | eee 5191041 13:5 
La DO = Fort Ste FE SON FIP ae. SR EE ie ee cee a = 
Bo 741 2912101 19|° T2 T20 T0 22 38| 4.9 0 26 
Fa 104| 45 43| 19 5 23| 15 6 41| 5.1 ol 19 
Fl 69] 50| 110| 22| 16 24) II 4 57| 4.9 010=2310.0:282:3 Dr | ek. 2| eet 60 0) 4.0 
Am 182/200| 460} 47| 31| 270] 42| 16) x40] 5.5} ı2| 22) —| —| — 
PI 84| 57| 230| 36| 6r| rio 18| 20 31| 4.6 OV 251-0. 51 LO) 10) 4 et. 0 No; 
Hö 102| 47| 120| 41| 66 56| 13| 12 28| 5.2 ol 29 
Sm 60} 20 Able 251" 27 20] II 5 24| 4.6 ol 26! 6.8) 4.3] 2.9] 0.6] 2.3] 0.1] 4.5 
OT SI CTI 820.8 22 3 66| 24| 14 72| 5.0 oj) 26 
Sy HOST 2 LOO!, 271734 57| II 9 42| 4.8 o| 26 — —| — 
BH FAT. TION 341,767 59| 15| II 3704-7 o| 29 
On 89| 55 STE 3210077 83| 13| 14 47| 5.8 002341 20.81 3.318 3.018 1.8 18.0.9|0.0.31..6%7 
Sk 57| 84| 190] 35| 60 89| 16| 18 47| 5.0 OMC OM 01e Sr r 02127 
Al 53| 80} 170| 24| 42| 1o0| Io] 14 53| 5.7 0 43 — 
Hi 28| 31 Ekel es 311.7 5 321 5.3 00:29 
Ta 121.13 84 I 4 49| 6 7 FOW 5.3115 1310.4412.210 3.0100.5|° 3.410.0:.710.0.8| 24:9 
An —f pi] — = 
DA: AA 96 fo) o Ig} 6 6 15| 6.0] —| 71 
Gj 105| 15|2 100 3| 14] 1 250] 70| 150 81| 5.4 ol 80 
Fn 80] 26| 130 4| 16 76| 13 9 12185020) 
Fa —=| = SE) ei SNL ENS 
Và — I — —ı 2 — I ee — — S| = =| == =a as x x x x x x x 
Tr 35| 21 Io 4 4 18| 4 2 le, T 9 
Ke 37| 28 13 5 5 8 5 I | Re rte T 
Sd 106| 5/1770 9| 25] 1120] 56| 140 93] 5-1 o} 71] —| — 
Da 30] 6 26 3 3 15| 5 2 ZOU 0:00 2318 LE 
As 107| 60 il er T2 18| 10 5 37| 5.0 01° 1687.50. 0:0 20.81. 0.7 3:212.0:8| 4.2 
Li 53| 30[2 880] 15 4| 1580| 78| 220] 110| 5.0 o| 150| 6.9| 18 2.2179. 25221826 
Sv 6| 7 12 [eo] fo) Bit I 6} 5.2 Orr 3.00.17.3162.3|02.41E%.212 04225 
Ka (Ei II I 2 LT I 11| 5.8 ©1271 CRC OS 02216 2127018453 
Ku Io| II 13 I fe) Sib 2 I 7| 5-3 O| 10 X X X X X X X 
Jy 42| 57 26 6 5 6| 10 3 21| 4.8 Gl T21E 3.718 0.2102:.7 07.2 | Ae 2 BO87)|) BLS 
Pu 32| 39 17 7 4 A 3 2 17| 4.6 ONE Ex DORA DIX AIR OS7 EX 
Tv 56| 70 PAS BiG 9 70| 13} 10 26] 4.2 0230| 2:31 7.51#.0:31 20.482.717 0.6) 29:9 
Rj 48| 22] 930 I ol 510| 29| 59 ATS Olen 11 | m0) 4.5104.7]|e2.262.8|70.9| 7 1:1| 19.7 
Vn 74|153| 369] 29] 37| 242] 45) 43] 72] 4.8] —) 41 
Gr 73|185| 339} 35) 57| 215] 35) 25 TA EERS}| Saal SE, = 
Od 771147| 299] 31) 64| 216) 26] 27) 34) 4-5) —| 42 
Bs 63/136} 605) 22] 44] 328] 31] 38 Ag As5|| ONE | 
Fj 66/141} 873] 21] 36] 488} 40} 67 54| 4.6 —| 72 - 
NL 61|145| 1472| 19] 23] 731] 45] 117 50| 4.7| —| 109 
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mg/m? ce vo ug/m* 
Le) 

ee: Zale pH yada VE 

> S| Cl] G | w | N:|K|Mg| Ca O ly] $ Cl | + | Na| K | Mg (CA 

a Z| 4 ee < 

Precipitation December 1958 (D 812) | Air December 1958 (L 812) 

Ly 51|133} <127|  23| 30 ent) Ole 42 255 = 
As 87|222| 1 089} 35] 90] 547] 36} 51] 102] 4.4, —| 79) — | 
Vd 47789102223] 82712. On| 8724| Zu. 27] 8 98 5:6 ET =) =) — 
Bl SAGE 03200 1810 4210 194123] 232252 ES SR | ee cee] | oe 
Ty 1617261. 20818 LOI 00|7.129|778|0 22 12759 1879 Es ER = = — 
Hö 631160|.2699) 2512 42| = 37,61.30| 2401085518455 778 | 2 ESS 
Ad 47|146| 266| 21| 48| 155| 19} 22 48| 4.7) —| 55 le: 
Lw 65/389] 6 591 8 6| 3 758|159| 477| 214| 5.1 o| 400} o 9.0| 0.2] 3.7| 0.6] 0.7| © 
Sw 46/151] 2 288 9| z11|1311| 53} 186| 83| 5.3 o| 187| o 4.612 0.615 3:2] 7.012 0.9120 
Ab 119|266| 2 025] 32| 30] 1211| 73| 178| 119| 5.3 ol, 7752021) 23% 8 2915 06.21.0-416.2:01027 
Ed 100|132| 722| 16| 24| 397| 30] 72] 60| 4.6 ol 40155. | 15 6.2] 4.5| oO 2.6] o 
Es 115|162| 317| 28| 16| 335] 29] 28] 57] 6.2| 28! 23) 2.1] 5-7) 1.2] 4.4) 1.2) 72) 0.9 
Ag FOTO 4713| 12| 127) 2237| 14) 51 38| 4.6 ol 35|20. | 11.6| I.o} 3.8| 0.4] I.o| o 
Le 86|200| 364| 28| 58| 135| 26| 56) 86| 4.0 o| 47161. | 14 4-4| 4.5| 0.6| 1.4] o 
Ro 791178| 238| 18| 32 96] 28) 29172391042 o| 48 —| —| — 
NA 110|264| 792| 16| 53| 692] 26] 50] 95| 6.5] 71] 47|18. | 11. | 5.0} 3.6| 1.1| 1.1) 1.0 
Ca 160|412| 5 303| 32| 79|2 892/184] 453| 192| 5.4 olf 123) 7.21 25.912 1.217 2.3) .0.71,.0:8[.05 
Ma 12,.244134615.6741 7791 120» =) My 5-5 phe O47 k re u Len Pas ne. à 
Bt 148|340| 4 174| Io] 12 —| —| —| —| 5.8 Orso; — OC 
Cl 101|131| 343] 10| 65 —| —| — —| 5.0 o| 29 — ee eh ..; 
DA 90/252| 927| 25 7 4.6 o| 671 — 
Bi 891136) 828 4 7 —| —| — —| 65 20 43 — — —ı —| —| —| — 
RI 981235] 2 460 8| 46 —| —| —| -— 6.0 9} 92) — — — — 0-1 —| — 
Va 151|861| 4 575 SET 6.5} 48| 147 — — —| — —| —| — 
We 881168| 5 044] 20| 41|3 567| 12] 262} 27| 4.2 O| 253] 31.0/125.4] 2.9|62.7| 1.3] 7.1] 1.2 
Sc 46] 46} 139} 28] 60) 181| 16} 25} 46) 3.9 O| 73] 22.5) 12.3] 4.5] 5.9] 3.2] I.1| 2.4 
BV 42|123| 167| 15| 43 50| 10] 44] 196| 4.1 ol 75| 50.8] 12.0] 5.4] 1.7] 4.6] 0.8] 3.8 
Bn 49|122 93| 36 8 36| 15| 58| 548] 6.3] 184) 88|31.8| 6.9| 5.8} 2.2] 0.7| 0.8] 2.8 
Au 82|241| 106] 29] 60 22| 16] 26] 122] 4.5 OQ] 24) 26.5] 1.2} 4.8) 3.1] 4.0] 3.4] 3.1 
Fe 68] 68 68] 14] Io 38] 6 8 7| 4.1 Oo} 20]15.6| 8.6] o 4.8] 2.8] 2.5] 16.0 
Ba 78) 51 86] 16 5 LSINTI OP RL OMe ass: ol T4| 4.2) 13.8) 7632) 77.4) 4.81 ra Ties 
Ho 51| 59 26| 14| 24 TS PATE TS OH 0] 25|32.5| 13.4] 2.4| 0.8| 4.8] 0.8] 5.1 
Rm 41| 10 2933 fe) 12| 9| ir 313|-6.2| "7112/0561" 7.5| 0.6} 22.5} 2.3] 2.01 O2) 328 
a 65| 75 O} 23) 43 22 Link 58] 4.5 Ol) 264 9:31, 6.752782 Trio IS 

ie li — —— — | ns um + ae — = — — — — — — — 
Rz 39| 64 31 GN Ply 4| 4 A Ave 5.0 O} 21|14.7| 0.6) 5.2] 1.0) 0.7] 0.4] 5.7 
Wi 601115 42 7 6 71:92 2212769 185.2 OQ} - 281 16.4] 2:1| 27.3] 7.0| 1-6] "0:61 3.7 
Lz 641137 64| 16| 19 T2| Alo To 257) = 5-0 O} 18116.7| 10.2| 5.0) 2.6) 2.21 081 22 
Kl 84| 97 51 9 8 7 | TIR ET AS ol 14128.7| 3.5} 4.3] 1.2] 0.7] 0.8] 0.7 
DH 72189| 240] 39] 34] 547] 22| 28] 36] 4.2 o| 87} 28.5} 4.3} 6.6] 10.2] 2.5] 3.4] 1.8 
DB 71|133|] 248! 31| 28} 173) 12] 22] 30] 4.4 Oo} 49] 28.7) 10.1| 4.9] 2.2] 0.5] 0.7] 0.6 
W 76/139] 167| 35) 33 QS] EDC TO SEAT Ok 47|16.8 9.1 '6.7122.710.812.7.2| 06 
SA 68|129| 188| 28| 48| 116| 24| 16| 33| 4.7 o| 43|18.5| 11.1| 5.1| 2.5| 0.8] 0.6] 0.6 
U 67|161| 115| 31| 26 58! 34] 17| 50] 4.9 oO} 4156221), 7.2] 1 5-0|/9 2-0) 92-2] 77.01 088 
B 117|113| 157| 46) 32 87| 11] 14] 28| 4.8 OÙ 21] IL.Oly 3,31 2.1], 1-6] O.8h) 0.5] 2er 
D 68} 96} 105] 25] 17 55| il T2) 28 | 470 O} 24) 11.5] 4.4] 2.5) 2.1] 0.5] 0.5] 0.2 
MH 59] 91| 155| 17| 40] 103} 10] 18] 42| 4.8 ol 29) 52.2] 18.5] 5.5| 2.8] 0.9] 0.7] 0.8 
Rs T16/121} 967) 34] 17| 534] 20] 22] 34! 4.8 O} $36] '6,81525.7|, 4.0] 23.17 0.2| 87) oer 
LM 75| 79] 234) 30] 8} .121| 6) 31] 28) 4.9 02:22) 1, he NE ee 
Lx 96| 72 7782711220 45| 5| 14| 18! 5.2 Oo} Iz] 3.6] 7.9| 3.2| 0.9| 0.3] 0.2] oe 
Bg 830702 14312201222 BS ofl © 50 55, Of): 15] {0-9} 9.2] 1.410 2.2| 0.11 .0.5| O2 
Ae 138/161 70037 Le 321 22-110 2370505 01,:131,127.9| 7:1 3.2182,21 0.01 70:6) Ke 
Za XI x X X x RR x x x x x x x x x x x x 
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Station Bern Liebefeld 1958. 
mg/m? ug/m° 
mm 2|2 pH Z 
Month Code S| Cl} @ | |Na|K | Mg] Ca S | Cl] + | Na} K |Mg| Ca 
A |4 Z 
Precipitation Air 
January BL 60} 49] 240] 12] 61] 26 4| 12] 103] 4.3} 24.0] 15-4] 5.8] 1-4] 0.8] 1.8] 3.2 
February » 67| 52) 57 6| 33| 29 6} I9] 105| 4.6| 15.9| 30.7] 3.7| 1.3| o.5| 1.6| 2.2 
March} » 43| 271 47 207274 72 3 6| 64| 4-4] 12.1] 18.0] 3.9] 1.1] 0-6] 1.7| 3.4 
_ {April » 57| 33| 60 5} 56] 15 6| 12] 92| 4.2] 6.8) 13.0] 4.6} 1.5] 0.6] 2.0] 6.6 
May » 112 81| 167 4| 34] 31] 22) 19| 117| 5-2] 13.2] 10-5] 1-6] 1-5] I-o| 4.2] 13.4 
June » 146] 121| 128 SIA ur MO 7311 5:0130.2| 7.2102:3|° 2.710 2.71 97.2127:9 
July » 123| 140] 86 3] Io] 32 8] 19| 135] 4-5] 25-6] 18.1] 0.7] 3-4] 3-0] 6.7] 40.0 
August » I41| 125| 182 6| 17| 44 9| 29] 139| 5.4112.4| 5-3] I-4] 1.7| 1.3] 1.0| 20.8 
September » 112| 156| 102 Sle 4010527 6| 32] 122] 5.0] 20.3] 9.5) 9-8] 1-9] 1-5] 1.8} 10.4 
October » 110| 228] 48 Si 7744] 101224] 2175| 94.2] 28.0) 17.0| 6:0) 1.3] 1-2] L.0| 3.1 
November » 44| 67| 28 5| 61 9 Si 1218°48104.1125:0|20:3|27.51017:0| Oro 3:17 3.2 
December » 25 Oty MAT 2| 42 7 4| 2124| 74| 4-.0|23.2| 4.6| 4.4] 1.2] 0:7] 1.6] 4-3 
CO,-values in Scandinavia November 1958—January 1959 
(Cf. FonseLius, KOROLEFF: Tellus 7, pp. 258—265) 
November December January 
= = = = 

© © = © = © = 

B |2 “= iS © D ea © D fal lle 
8 |8| °c = 419 sibs | °C el 3 ISEHS| ec A ne 
n |A > d [OA = do JOSTIIA = OMIS 
> | # Sorte > | € 
4|\— 5.6 | SSW 2 ol 3.19||10)— 17.0] SW 5 013307113] 92 ESEE28 IO] 3.15 
Ao |1o] o SOMME I] 2.91||1I— 9.0] SW 2 10| 3.27|| 4|— 11.6] E 8 |= °10| 3.08 
I1|— 7.6 | SW 2 |= 10| 2.96||13|— 8.5] SW 5 |= 0] 2.94|| 9/— 16.0, WNW 2 6| 3.22 
ESF TO NW ET 7| 2.79||17|— 19.0] WSW 2 o| 2.791|10|— 15.0| ESE 1 IO] 2.91 
4 — — —| —||10|— 12.0] N 9 5[3.10|| 3/— 8.4] NE 9 |X? 10} 2.95 
Oj ro] 4.6 | Calm = 10| 3.21||11)— 25.5, SW 2 I] 3.00|| 4— 5-4] S 1 |X* 10} 2.88 
Er Oo Calm 10| 3.14||13|— 22.6] SW 2|=° 3|3.28|| 9 — 17.1] NW 2|X°1o| 3.07 
18] 5.2| NW 1 3| 3.32||17|— 28.5| Calm 6| 2.94||10— 9.0| N 9 |? 10} 2.87 
4| 1.0 | Calm 10| 2.72 tel 12.0| Calm 10] 2.84|| 3 — 4.0] NE 9 IO} 3.14 
Br io) o E 2 |X 10|3.42||11— 9.0| NW I 10] 2.74|| 4— 5.0] E 2 IO] 3.01 
ipsa 9) SE 2 10| 3.02]|13/— 13.0] NE 2 10| 3.29]] 9 — 10.0] Calm IO] 2.95 
18} 2.0 | W I 10| 3.09||17|— 16.0| N 9 |X 1o| 3.12)|10)— 12.0] N I4 10| 3.46 
ira 6.0.) SE 3 6] 3.50||10 — — —| —|| 3j— 8-1] Calm IO} 3.85 
Er |xro] 6.0 | Calm z| 3.15||11 — — —| —|||"4—" 4.6) W 3 7| 3-50 
ı1l 0.6 | Calm Io] 3.00||13 = = = = = = = 
18] 4.0 | W 6 o| 3.31||17 1.0] Calm 10| 3.64|10)— 5.8] NW 2 8| 3.43 
A582 S I 10| 3.04||10— 5.4| N I 10| 3.06|| 3 0.4| S I 10| 2.98 
Fl {ro — — —| —[11/— 7.8] N I 0| 3.34|| 4— 0.8] W I Io} 3.08 
TT 2.8 no I 10|3.11|[13| 13.8| N I 5| 3.28]| 9|— 4.8) NW I 10| 3.28 
18} 4.6 | W I 10| 3.11||17 0.6| SE I 10] 3.12|l10[— 6.8] NW 1|% 10| 3.58 
4 9.0 | W I |e° ıo0| 3.19||10|— 2.0] Calm 2| 3.29|| 4 1.0) Calm 5| 3.49 
Blselro 26:0: | NW Tr 7| 3.04||11|— 6.0] Calm 0| 3.14|| 5 2.0} Calm 6| 2.87 
ııl 6.0 | Calm 713-26||13 or SER 23 10| 2.87|| 9 — 3.0] NE 3 10| 3.00 
18l 6.0 | Calm IO] 3.27||17 3.0] Calm IO] 3.10|[10[— 5.0| N I 2| 3.05 


November 


DATA ON CO,-VALUES 


December 


a wW = 
8 0) TD a 27 À I a ae 
et ac = = gals| °c = = [82 
a |A = ° [O10 = er 
a ghee = | & 
4| 0.8 | NNE 1 Joo 10] 3.57||10/— 19.6] NNW 1 |X%°1o] 3.79 
So |10| o.7 | SSW ı |e° ro} 3.68||11— 28.5] Calm 10| 4.52 
11| 0.8 | SSW I lo Io} 3.391|13|— 20.3| S IO} 3.40 
18 17|— 14-9] SE I 10| 3.40 
4l 6.6 | SSE ı|= 10} 3.63||10— 9.2| S 1|X?10| 3.47 
Ka |10| 4.4 | SW ı|= 10} 3.20||11|— 10.9] N 3 |X110| 3.48 
711.4 || WOR, rl=710[3.62|173 29.8105 I 10| 3.47 
18} 5.7 | WNW 2 O| 3.50||17|— 10.4] ENE 1 IO| 3-41 
4, 5.8 =. 070110 nasa VI I o| 3.36 
Ku |rol 3.0 | SSE 1 |e° 10) 3.64||11|— 12.8] ENE 1 }5€? 10] 3.30 
zu 21.02 NEE Stators. 5 Sins 25 I 7| 3.42 
18] — = = 17 10:2 SSE 21803 
4 7.0| SW ı|= 10|3.34||10— 13.0| WNW 1 3| 3.51 
Jy |ro} 4.2 | SSW. 1 10| 3.54||ır— 9.2} ENE 2 10| 3-57 
IT TOME I |= 10] 3.61||13]— 15.2} WSW 1 O} 3.50 
18) 5.3 | NW 2 O| 3-35||17|— 11-0] ESE 1 10] 3.45 
| AN HE ES 2 |= 10] 3-52||10/— 9.7] S I |X° ro} 3.40 
PUNTO Ones I |= 10] 3.51/|11I— 9.1] NE I IO] 3.57 
11| 3.8 | ESE 1 |= 10|3.55||13|— 18.8] S I o| 3.29 
20) 2:07 | NIWG 2 IO] 3.43||17|— 13.8] E I IO} 3-35 
ARCS I IO] 3-41]|10/— 3.5| SE T IO} 3.20 
iy, |ro| 50 | "Calm: O} 3.65|[11— 8.0] NW 7 Io| 3.25 
TVs 5.0, NE 2|e° 10} 3.57||13]— 5.0] SE 4 10| 3.18 
18| 7.0 | NNW 3 o| 3.37\|17 0.5| SE 3 IO} 3.20 
4| 4:0 | W 2 IO} 3.36]|10]/— 26.5] SSW 2 I| 3-10 
ka || ke) CRE SSI 9| 3.15||11|— 24.3) SW 5 2| 3.68 
11l—0.8 | SSW 5 9} 3-00||13|— 11.0] SW 9 10| 2.96 
TS} | MN 1e 9| 3.21||17|— 28.4] SW 5 9| 3-34 
Ae 417 es 4 0| 3.14||10)— 12.5] E I I| 3.07 
Vous To cate || BE 1|=° 3|3.34||11I— 4.2) E E |= 2912.99 
IT 2 2085 3|, 0]2-94||13)— 4.5] E 4 1| 3-32 
18] 5.5 | WSW 4|v 10[3.00||17— 9.1| E 6 2| 2.92 
4 09|N T 5] 3.03||10— 7.6] W I I] 3.14 
Va |10| 3.6 | W 6 1] 2.88]/11I— 5.1] W I 1| 2.96 
II 1.4 | NE 2 1|3.26||13|— 18.3] Calm I] 3.03 
10 mo. EB 5 1| 3.39||17|— 18.9| NE 5 1| 2.88 
4| 6.0 | Calm Io] 2.89||10|— 4.0] Calm 5| 2.87 
Sd |ro} 4.0 | NW 5 0|2.79||11|— 5.0] Calm O| 2.94 
a ONE 5 O} 3-00||13|— 3.0| Calm I] 2.89 
18] 8.0 | Calm 2| 3:16||17|— 2.0] Calm X °10| 2.68 
2 4| 80 | NE 2|= 9|3.19||10 0.8] W 3 Re) 
Od |1o] 6.0 | S 3/9 101279111 — 1.2| E 2 { Sink 
It} 5.8 S 3|= 10|2.97||13 0.3| E 6|X 10] 3.18 
URS Loney | SE 2 IO] 2.79||17 3.4| Calm = 10|2.84 
Gin Rise NS) I Io} 2.82||10 1.6| W I 0} 2.96 
Asse 10 engl ESS os 4| 3.06]|11 3:0] SE 3 4| 2-86 
PUITS 2 10| 3.19||13 0.2| SSE 2 10| 2.91 

18| 2.0 | SE I 10| 2.93 — = 


17 


5| 2-94 
II |e ° Io] 3.10 


January 
© T PB a 
= Te £ = Ow 
A = | 8 13 
A Ve 
3-— 12.8] SE 1 | X°10| 3-49 
4 ps] fas LAS ata 
9|— 10.0] Calm X ° 10] 3:60 
10— 10.1] NE 1 | X°10| 3.54 
3\— 46| E 3 |? 10] 3.35 
4| 7 1.00ESE 23 10| 3.34 
9 — —— — — 
10 == = al En 
3l— 7.4] ESE 2|x!1o! 3.43 
= GS 2 10| 3.45 
9— 5.3} E 2 |X° 10} 3.57 
10[— 4.7| SE 2 |¥1 10} 3.92 
3\— 4.7| E 2 |¥° 10} 3.30 
4— 0.3} ESE I 10] 3.35 
9— 6.2} ENE 1[|X°1o| 3.56 
OO 2 10| 3-44 
3\— 2.6] SE 2 | ° 10] 3.37 
4 0.2] SE I 10| 3-35 
9. 3-01 OE I IO] 3.40 
To 3-21 1|[= 3-44 
3 3.0] S 2 IO] 3.25 
4 3-0] S 4 10| 3.40 
9 1.5| SE 2 10| 3.37 
10 1.0| E 7|%* 10|3.38 
3 9:5| S 2 10| 3-33 
Al 12 S 9 |X °Io| 2.85 
9|-— 16.5| Calm 9| 3.06 
10 — —— — 3-14) 
3— 32] E 5|=° 813-49 
Al— Fool Es 4 3] 3-02 
9 7-4] E 4 1] 3-43 
TO cl ole 4 |= °10| 2.94 
3l— 9.0} Calm X 10} 2.94 
4 11.9| Calm I} 2.95 
9 — — — — 
10|— 28.4| NW I I} 3-92 
3l— 1.0] NW 5 2| 2.96 
Ais 4. 0lGN, 2 0| 2.93] 
9|— 7.0] Calm 0) 3-30] 
LO|— E1-0| Calm O} 3:30] 
3 15 SW 6} S70} 2.85] ! 
4 0.9} W 2 8} 3.01 


9 223 NE 1|X°10 


10[— 5.5] N 2 4! 3-15 
3 2.2; WNW 5|x ı0| — 
4 0.3) W 21% 8) 2.94 
9— 4.0] E 2 0] 4.00| | 


